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The generalised inequality of Cramér and Rao, in the present notations, reads [11]
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, (67)

with u and v arbitrary real vectors. The previous Proposition then implies that the inequality becomes an
equality when u = v, when P is related to p via (58), and when pθ belongs to a generalised exponential
family.

13. Non-extensive thermostatistics

Define the q-deformed logarithm by [7, 19]

lnq(u) =
1

1− q

(
u1−q − 1

)
. (68)

It is a strictly increasing function, defined for u > 0. Indeed, its derivative equals

d

du
lnq(u) =

1

uq
> 0. (69)

In the limit q = 1 the q-deformed logarithm converges to the nature logarithm ln u.
The deformed logarithm can be used in more than one way to define an entropy function. The q-

entropy (3) can be written as

Iq(p) =
∑
a∈A

pa lnq

(
1

pa

)
. (70)

Comparison with (4) gives

h(u) =
u

1− q

(
uq−1 − 1

)
= u lnq

(
1

u

)
. (71)

One has h(0) = h(1) = 0. Taking the derivative gives

f(u) = −dh

du
=

1

q − 1

(
quq−1 − 1

)
. (72)

It is a strictly increasing function on (0, 1] when q > 0. The function φ(u) is given by

φ(u) =
1

q
u2−q. (73)

The probability distributions belonging to the generalised exponential family, corresponding with (70),
are

pa = q1/(1−q)

[
1− (q − 1)α− (q − 1)

∑
j

θjHj(a)

]1/(q−1)

+

, (74)
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with [u]+ = max{0, u}. This is indeed the kind of probability distribution discussed in the original paper
of Tsallis [4]. However, more often used is the alternative of [9]. In the latter paper the concept of escort
probability distributions was introduced into the literature. They were defined by

Pa =
1

Z
pq

a, (75)

which in the present notations corresponds with φ(u) proportional to uq. This can be obtained by replac-
ing the constant q by 2− q in (70). The entropy function then reads

I(p) = −
∑

a

pa lnq(pa), (76)

which is not the expression that one would write down based on the information theoretical argument
that ln(1/pa) is the amount of information (counted in units of ln 2), gained from an event occurring with
probability pa. Note that with this definition of entropy function the condition q < 2 is needed in order
to satisfy the requirements that the function f(u) = d

du
(u lnq(u) is an increasing function.

14. The percolation problem

This example has been treated in [20]. It is a genuine example of an important model of statistical
physics which does not belong to the exponential family. In addition, it is an example which fits into the
present generalised context provided that one allows that the function h(u) appearing in the definition
(4) of the generalised entropy function is stochastic.

In the site percolation problem [21], the points of a lattice are occupied with probability q, independent
of each other. The point at the origin is either unoccupied, with probability p∅, or it belongs to a cluster
of shape i, with probability pi. This cluster is finite with probability 1, provided that 0 ≤ q ≤ qc, where
qc is the percolation threshold. The probability p∞ that the origin belongs to an infinite cluster is strictly
positive for q > qc. However, for the sake of simplicity of the presentation, 0 < q < qc will be assumed
— see [20] for the general case.

These probabilities are given by

pi = ciq
s(i)(1− q)t(i), (77)

where ci is the number of different clusters of shape i, s(i) is the number of occupied sites in the cluster,
and t(i) is the number of perimeter sites, this is, of unoccupied neighbouring sites. Note that (77) also
holds when the origin is not occupied, provided that one convenes that c(∅) = 1, s(∅) = 0 and t(∅) = 1.

Choose the Hamiltonian

H(i) =
t(i)

t(i) + s(i)
. (78)

and introduce the parameter θ by

θ = ln
q

1− q
, q =

1

1 + e−θ
. (79)
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Then one can write

ln
pi

ci

= [−α(θ)− θH(i)] [s(i) + t(i)] , (80)

with

α(θ) = ln(1 + e−θ) (81)

This looks like an exponential family, except for the extra factor [s(i) + t(i)] in the r.h.s.. Introduce the
stochastic function

fi(u) =
ln u

s(i) + t(i)
. (82)

Then the above expression is of the form (14). By integrating fi(u) one obtains

hi(u) = − u ln u

s(i) + t(i)
. (83)

It is now straightforward to verify that the percolation problem belongs to a generalised exponential
family. The relevant entropy function for the percolation model in the non-percolating region 0 < q < qc

is therefore

I(p) = −
∑

i

pi ln pi

s(i) + t(i)
. (84)

15. Discussion

Sections 3 to 6 of the present paper discuss the variational principle, which is stronger than the max-
imum entropy principle. It is shown that the method of Lagrange multipliers leads to the correct result,
even in the context of generalised entropy functions. The difficulty that arises is known as the cut-
off problem: the optimising probability distribution may assign vanishing probabilities to some of the
events. To cope with this situation the two cases have been considered separately. Theorem 1 treats the
standard case, Theorem 2 copes with the vanishing probabilities.

In Section 7, a generalised definition of an exponential family is given. It identifies the members of
the generalised exponential family with the solutions of the variational principle, given a generalised
entropy function of the usual form (4). The definition of the standard exponential family corresponds
of course with the Boltzmann-Gibbs-Shannon entropy. Entropy functions I(p) and λI(p), with λ > 0,
determine the same exponential family. Assuming some technical condition, the intersection of different
generalised exponential families is empty — see Theorem 4. As a consequence, a one-to one relation has
been established between generalised exponential families and classes of equivalent entropy functions.

In [11], the notion of phi-exponential family was introduced. The ’phi’ in this name refers to the
function φ(v), introduced in (52). It is one divided by the derivative of the function f(v) appearing in
the expression (6) for the entropy function I(p). The assumption that the derivative of f(v) exists for all
v > 0 has been eliminated in the present paper. More important is that the definition of a generalised ex-
ponential family is now given directly in terms of the entropy function I(p), via the variational principle,
without relying on the notion of deformed exponential functions.
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Sections 9 to 12 discuss the geometric properties of a generalised exponential family, using a termi-
nology coming from 150 year old thermodynamics. The main result is (63), proving the equality of the
three quantities generalised Fisher information, metric tensor times partition sum z(θ), and covariance
matrix multiplied with z2(θ). The covariance matrix is calculated using the escort family of probability
distributions.

Many applications of generalised exponential families are found in the literature, in the context of
nonextensive thermostatistics. The latter has been discussed in Section 13. A completely different kind
of example is found in percolation theory — see Section 14. It illustrates the possibility that the function
f(u), which determines the entropy function I(p) via (6), is of a stochastic nature. One can expect that
many other applications will be found in the near future.

Finally note that the present work has a quantum analogue. Let be given a strictly increasing function
f(u), continuous on (0, 1]. The expression (6) can be generalised to

I(ρ) = −
∫ 1

0

dv Tr ρf(vρ), (85)

where ρ is any density operator in a Hilbert space. The Bregman divergence (8) generalises to

D(ρ||ρ′) = I(ρ′)− I(ρ)− Tr (ρ− ρ′)f(ρ). (86)

The basic inequality D(ρ||ρ′) ≥ 0 is proved using Klein’s inequality — see 2.5.2. of [17].
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