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what happens for densely packed hard spheres, even in one dimension: two distinct structural regimes
emerge whose features are manifestly evocative of an underlying thermodynamic transition from a fluid
to a crystalline phase. The PDF of unperturbed hard rods (Eq.4) and that obtained upon numerically
solving the BGY/KSA equation are found to differ in a negligible way in the low to intermediate density
regime (p* < 0.5) [62]. However, the latter function starts showing for larger densities a damped pe-
riodic profile that is not evident in the analytic PDF, whereas the contact values of both functions (and,
correspondingly, the equations of state of the two systems) remain essentially identical up to p* ~ 0.7.
For this value of the density, corresponding to a pressure FPo ~ 2.3, the PDF of the perturbed Tonks
gas changes abruptly from a damped to an undamped oscillatory behavior. Moreover, other (discon-
nected) branches of undamped periodic solutions appear for pressures larger than the reported threshold
value. We note that the solidlike behavior distinctly monitored by the PDF emerges in the system on the
lower density side of the ordering range that has been identified above on the basis of other independent
indicators.

The BGY/KSA equation can also be linearized. In fact, Siders and Kozak [63] demonstrated that the
linear problem is equivalent to a BGY equation for the same system but with a different closure that
is obtained from Eq. 10 upon replacing one of the three PDFs, say ¢(1,2), with its low-density limit
which, for a hard-core sytem with no attraction, reduces to the Heaviside step function. The linearizing
closure is found to reproduce the exact superposition law (Eq.9) for a certain class of configurations
attained by the particle triad (viz., when particle 3 lies between particles 1 and 2). In this respect, we
may argue that the modified closure gives rise — in our field-based interpretative scheme — to a weaker
structural “perturbation” of the Tonks gas than that implied by the original KSA closure. However, one
may also suspect that resorting to the low-density expression for one of the PDF couplings, with the
consequent loss of the original symmetry property with respect to particle interchange and of the correct
asymptotic behavior as particle 3 moves away from particles 1 and 2, may also weaken the overall
correlation texture of the gas at moderate to high densities. In fact, the resulting equation of state shows
a less steep rise with the density as compared with the analogous property of the unperturbed Tonks
gas. However, the interesting feature is again the bifurcation of the solution for tight packings: two
branches of undamped oscillatory solutions were found to depart from the damped (fluidlike) solution
for pressures FPo > 2.3, the same threshold value that discriminates the damped/undamped behavior
of the solutions to the nonlinear BGY/KSA equation [63]. However, at variance with the nonlinear case,
the system may now undergo an abrupt transition from the lower pressure branch (damped) to the higher
pressure one (undamped) for reduced number densities not less than 0.83 [63]. A posteriori, a larger
threshold value of the density appears justified as the result of an overall weaker structural perturbation.
Intriguingly, this larger value falls on the upper side of the ordering range discussed in the preceding
section.

4. Conclusions

In this paper we have revisited the equilibrium properties of the Tonks gas, a classical system of hard
particles confined to one dimension, with a twofold objective: i) understanding whether it is possible
to distinguish a high-density regime, with features reminiscent of the properties of a crystalline solid,
from a low-density fluidlike regime, notwithstanding the absence of a conventional freezing transition;
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i1) verifying whether the density evolution of the so-called residual multiparticle entropy (RMPE) can be
put in direct quantitative correspondence with the thermodynamic and structural behavior of the model.

As far as the first point is concerned, comparative evidence from a number of different properties
indicates that the highly packed fluid orders into a pseudo-crystalline state consisting of a quasi regularly
spaced sequence of particles “self-confined” inside equipartitioned regions of length equal to the average
length per particle 1/p. Such an ordering process takes place over an extended range of densities whose
lower and upper boundaries can be consistently fixed with reasonable accuracy, viz., 0.7 < p* < 0.83.

It is in such a range of densities that one also observes an inversion in the trend of the RMPE from
a decreasing to an increasing behavior as a function of the density, the minimum at p;; =~ 0.71 being
followed by a crossover from negative to positive values at the reduced density pj ~ 0.825. In this
perspective, the Tonks gas sheds a new and, in some respects, unexpected light on the zero-RMPE
criterion. In fact, it appears that the RMPE of hard rods, far from yielding meaningless predictions not
at all pertinent to the physics of the model, does actually signal the spontaneous ordering of the dense
fluid into a state that closely resembles that of a crystal. It is worth emphasizing that the corresponding
indication is present in the RMPE notwithstanding the fact that such a process does (or can) not emerge
at the macroscopic level as a proper thermodynamic transition to a fully ordered state for reasons that
are obviously related to the markedly different topology of the hard-sphere model in one dimension as
compared to that of the same model in higher dimensions.

Within such a framework, the (for certain aspects) puzzling results emerging from the use of Kirk-
wood’s closure in the one-dimensional Born-Green-Y von equation have been re-read and re-interpreted
as revealing indications of a pseudo structural transition from a fluid to a solidlike regime that would take
place in the system if some extra field would force a direct “binding” between next-nearest neighbors at
the level of three-body correlations.
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