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Abstract: Based on the harmonious unifying hybrid preferémtiadel HUHPM) network
proposed by our group, the entropy characterigtamoun-weightedHUHPM-BA network
and a weightedtHUHPM-BBYV network are investigated as the total hybrid ratiois
changed. We derive and compute the general relafitime power exponent of the degree
distribution with the entropy by using the Boltzma@ibbs entropyBGS and the Tsallis
non-extensive entropy&). It is found that theBGS decreases ad/r increases and the
current of theBGSalong with hybrid ratial/r or exponent of power-law is in agreement
between numerical simulation and theoretical amalyihe relationship between tBgand
characteristic parameterunder differentd/r is also given. And th&, approaches to the
BGS when q 1. These results can provide a better understanétingevolution
characteristic in growing complex networks and Hart applications in network
engineering are of prospective potential.
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1. Introduction

The discovery of the ubiquity of small worl8\(y [1] and scale-freeSF networks [2, 3] has led to
many exciting insights into fundamental underlyimgnciples that govern complex systems. It has
been realized that, despite functional diversitystnreal world networks like WWW and Internet
systems share important structural features, ewqllsaverage path length, high clustering, and
scale-free degree distribution. A number of netwarkdels have been proposed to embody the
fundamental characteristics [4-15]. Among them gnaup led by Fang has proposed the harmonious
unifying hybrid preferential model[HUHPM) to a certain class of complex networks, which is
controlled by a total hybrid rati@/r of deterministic preferential attachmerdRA) to random

preferential attachmenRPA) [4, 10-12]. The unified hybrid ratio can be defihas
dr = Time intervalsd oDPA

Time intervaly oRPA
whered is the number of time intervals (steps) PA, andr is the number oRPA Within this
model we study both numerically and theoreticdllyvas found that thelUHPM has a key universal
topological property and dynamical synchronizapjland one of most important features is that the
exponents of power (node degree, node strength, and edged weightsemnsitive to thed/r or
depends on the/r strongly [11,12].

As is well known, statistical mechanics have madgeat contribution towards the main advances
of topology and dynamics in complex networks, aplemsized by Albert and Barabasi [3]. People
raise a question here: Entropy as another very iitapo characteristic quantity for statistical
mechanics, what role does the entropy play in cempletworks? Entropy emerges as a classical
thermodynamical concept in the 19th century withuSlus but it is due to the work of Boltzmann and
Gibbs that the idea of entropy becomes a cornezstbstatistical mechanics. As a result we have tha
the entropy of a complex system is given by theated Boltzmann-Gibbs entropBGS

BGS=-k P(i)InP()
®

with the normalization condition
¥

P@i)=1
i=1 ,
whereP(i) is the probability for the system to be in thia microstate, an#l is a Boltzmann constant.
Without loss of generality one can also supportmradizationk = 1. In 1988 Constantino Tsallis
introduced the non-extensive entrdgy{16, 17]
¥
S, =- {1 [POIY
e )
as a generalization of ti®&GS whereq is a characteristic parameter. It can be regasgea minimal
extension of Shannon entropy, to which it reducderwg 1. Parameteiq describes therefore
summarily all effectfl6, 17].

In this paper we use thBGSto measure the relationship of entropy wilh, as well as power
exponent . Through the numerical simulation and theoretaralysis we validate the correctness of
our results in reference [4]. It is found thatdasincreases thBGSandS, decrease, which implies that
the self-organization dHUHPM is enhanced as hybrid ratildr increases. The relationship between
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the §, under differend/r is also derived. And th&, approaches to tHBGSwhenq 1. These results
can provide a better understanding for evoluticaratteristic in growing complex networks.

The whole paper is organized as follows. In thetiSec2, some hybrid preferential models are
firstly described. Then in the Section 3 and Sectipwe respectively investigate two kinds of epyro
in different HUHPM networks. Theoretical results are verified by salvesimulation results. We
conclude the paper and remark in Section 5.

2. Basic network models: theHUHPM

Based on the Barabasi and Albé® scale-free $F) network [2, 3], Fang and Liang [4] proposed
a hybrid preferential modeHPM). Furthermore, our group develops the idedtédHPM model. The

basic concept and method for tHEPHPM can be expressed as the following [4]:
Deterministic Preferential AttachmemPA

HUHPM = +
Random Preferential AttachmeiRRA )

This means that thlUHPM can rest on any type of network’s original gromthy andRPA pattern

by adding theDPA pattern according to certain arrangement of thgrese distribution to arrive an
expected topological properties. This implementataombines the random connection with the
deterministic connection by using the hybrid ratioto request growth scale size of the networks. In
the process of the network evolution, the hybritbrenust maintain the same value by combirfRigA
andDPA. Actually, the kind of preferential attachmentsrigal on at first is flexible. This means that
one can use different order to make the two hyhkgrdsv the network in turn, until the required scale
size is achieved. Figure 1 illustrates diagramsefamlution ofHUHPM growing networks witiN=14
andm=my=3 under different hybrid ratid/r=1/6, 1/1 and 6/1.

(@) (b) ()

Figure 1. The network’s evolution process according to défed/r in HUHPM model. And the
number of nodes iN=14,m=my=3. Fig(a) ford/r=1/6, Fig(b) ford/r=1/1and Fig(c) fod/r=6/1.

Barabasi and AlbertBA) [5] proposed an un-weighted network model usirfgraous preferential
attachment mechanism. Because the weighted netwcaks more carefully portray the nodes
connection and mutual interaction, not only refldoe topology of real network, but also reveal
physical and dynamical characteristics for the-vealld networks. Barrat, Barthelemy and Vespignani
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(BBV) [6,7] proposed a weighted network model with mafle perturbation parameteto rearrange
the edges’ weights locally using a random prefeaéattachment mechanisiBBV turns toBA when
=0. BBV model can yield scale-fre&F) properties of the degree, strength and weightibligions
controlled by weight associated parametetHowever, both modelsBA and BBV, only consider
random preferential attachme®RRA and do not consider deterministic preferentilctment DPA)
or connection effect. This is in contradiction to fandamental observation, which has both
deterministic and random factors extensively exighe unifying real-world. Therefore, both BPA
andDPA in various complex network models should be pé#ieinéion to and be investigated carefully.
Therefore, our group proposed the harmonious urghhybrid preferential modeHUHPM), and
applied it to the un-weighte®A and the weightedBBV models, so calledHUHPM-BA and
HUHPM-BBV models. SinceBA and BBV can be described as different network statistical
characterizations. In fact, thlUJHPM can be applied to any un-weighted and weightedarés. The
concrete growth process may refer to the relatgenpé7, 10-11, 18]. It is known that tHeUHPM
network has a series of topological property.

3. Entropy characteristic in the HUHPM-BA

In this section, we use tH@GSto measure the relationship of entropy ad as well as power
exponent . In reference [10] we theoretically get the appmate degree distribution as follows,
respectively. For un-weighted netwdtkJHPM-BA, we have

1,
P(k)u 2m?k * 1

g:%+1: A . + A, 3)

exp —
A

wherek is the degree of network node aR(k) denotes the probability distribution of nodes wa#o

degree ik. Thed/r is hybrid ratio and the is exponents of power-law. All the coefficie{sabove

are taken from reference [10%1, 2, 3, 4. To compute the entropy, we considpr@pmately that

Is a constant for differemh and

i - (i+l)

2mfk % 1
1 = T 4)

- i+ ) —+1
izmbi b i iI<)IJ
whereP(k) satisfying normalization condition
P(k)=1
Using formula (1), (3) and (4), we draw the theioatcurvesBGSVS d/r andBGSVS , as shown
in figure 2(a) and (c). The corresponding resuttawmerical simulation are shown in figure 2(b) and

(d).

P(k) =
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(@) (b)

(© (d)

Figure 2. BGSversudgd/r and with network sizeN=2000,m=1, 3, 5, where (a), (c) are theoretical
results forBGSand (b), (d) are numerical simulation results eesipely.

(@) (b)

Figure 3. The relationship betwee® andq under differentd/r, N=2000. Thel/r of these plots
spans from 1/1999 to 1999/1, where (@) is theaktesult and (b) is numerical simulation result.

According to the formula (2), figure 3 gives théat®nship betweelg, andq under differend/r. It is
seen from figure 3 that for the fixegvalueS, reduces along with thd/r increase. Wheqg = 1 it turns
to BGS Clearly, the tendency of change for two kindsenfropy above with the hybrid ratdir are
similar each other. This means that two kinds dfagy are in consistent with each other basically
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when q is getting bigger. As mentioned above, howevercahee parameteq only describes
summarily all effects [16, 17]. A few difference$ two results for two kinds of entropy may not
avoid.

4. Entropy characteristic in the weightedHUHPM-BBV

HUHPM-BBV model generates weighted graphs exhibiting thesstal properties observed in
several real world systems. Considering a netwardwg by HUHPM-BBV model, its degree
distribution is shown below.

1
P(k)pu —
m Zbkh;
S
exp 377
=1+ = k ©)
b 24d+1

wherek is the degree of network node aR(k) denotes the probability distribution of nodes wa#o
degree ik. Thed/r is total hybrid ratio and the is exponents of power-law. All the coefficierfs
above are taken from reference [10331, 2, 3, 4. is the weighted parameter associated with
perturbation of model.

To compute the entropy, we consider approximatey tis a constant for differembh and

PR = = ©)

1 1
m bk ?

whereP(k) satisfying normalization condition
P(k)=1.
Using formula (1), (5) and (6), we obtain the cerbetweerBGSandd/r, BGSversus , as shown
in figure 4(a) and (c). The corresponding resuttawmerical simulation are shown in figure 4(b) and
(d). And the results ah=5 in figure 3 are the states af0 corresponding to figure 4.
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(@) (b)

() (d)

Figure 4. BGSversudgd/r and with N=2000,m=5, where (a), (c) are theoretical resultsB&S
with =2 and (b), (d) are numerical simulation resulspestively. is parameter BBV model.

According to the formula (2), figure 5 gives théat®mnship betwee, andqg under differend/r. If
we consider the fixed value,§; reduces along with thd/r increasing, and does not associate with
Wheng = 1 it turn toBGS

(@) (b)

Figure 5. The relationship between Sq and g under diffedénfior N=2000,m=5, =2. Thed/r of
these plots spans from 1/1999 to 1999/1, wherthémretical results and (b) numerical simulation
results.
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5. Conclusion and potential of application

Based on the networks grown BUHPM-BA model andHUHPM-BBV model, we derive and
compute the general relation of the power expooétihe degree distribution with the entropy using
the BG entropy BGS and the Tsallis entropys{). It is found that th&8GSdecreases a¥r increases
and the current of thBGSalong with hybrid ratio d/r or exponenbf power-law is in consistent. The
relationship between th®, andq under differend/r is also given. And th&, approaches to thBGS
whenq 1. These results can provide a better understarfdmgvolution characteristic in growing
complex networks and further applications in neemgineering are of prospective potential.

It is found that theBGSdecreases a¥r increases and the current of BB&Salong with hybrid
ratio d/r or exponent of power-law is in consistent according to numargimulation and theoretical
analysis in both models. The entropy of a networkviges an average measure of network’s
heterogeneity, since it measure the diversity efdhagree distribution. In theoretical analy§i€) is
power exponent functions and it cut off the lonigs{diversity) observed in simulations. 86Sin the
simulations takes higher values than in the théorypoth models. Also as exponentncreases, the
network becomes less heterogeneous and as almgeitentropy is observed. These results are good
consistent with reference [19]. On the other haheke still have some factors unconsidered whige th
values ofBGSandS, existing errors drawing from figure 2 — figure@Gne of reasons produced error is
that because parametgonly describes total all effects in global and ignorethd factor, thus a few
theoretical error for two kinds of entropy may bederstood. Therefore, the form B{k) and exact
entropy theory are still needed to improve deeptythis subject is still open and challenge in oekw
science for us.

Self-organization is an evolution process from diso to order. IHUHPM networks BGSand$,
decrease ad/r increases, which mean that states of disorder terarder. This situation is easily
understood that, since the total hybrid ratio3 1 implies that determinism takes up the dominance
and much more order is taken place wittHldHPM networks. So the decrease of entropy for a
complex system implies the self-organizatiorHafHPM networks is enhanced with total hybrid ratio
d/r increases.

However, we believe that tHdUHPM networks reveal one of essential mechanisms tac¢heal
network to produce thé&F and SW effects as well as entropy characteristic, theeefturther
applications in more widespread types of netwogkssible. For example, because the exponents of
the three power law for thHedUHPM networks have high sensitivity to the hybrid ratio change, this
may make a corresponding encryption method thatliesppto the cryptology and privacy
communication domain. That means that based ork tracinitiate sensitive disposition, further
experiments can be explored combining correspondetgork theory. On the other hand, due to the
fact that the power exponent, entropy, average lpathith and average clustering coefficient canstdju
by the hybrid ratiad/r, one may design the required network architectorsatisfy different special
requirements in network engineering.



Entropy, 2007, 9 81

Acknowledgements

This work was supported by the Key Projects ofNlagional Natural Science Foundation of China
under Grant N0.70431002, National Natural ScienmenBation of China under Grant No.70371068,
and Foundation of President of China Institute tmAic Energy under Grant No.YZ0618.

References and Notes

1. Watts, D.J.; Strogatz, S.H. Collective dynamags'small-world" networksNature 1998 393
440-442.

2. Barabasi, A.L.; Albert, R. Emergence of scalmgandom networksSciencel 999 286, 509-512.

3. Albert, R.; Barabasi, A.L. Statistical mechaniéomplex networkskReviews of Modern Physics
2002 74, 47-97.

4. Fang, J.Q.; Liang, Y. Topological properties drahsition features generated by a new hybrid
preferential modelChin. Phys. Lett2005 22(10), 2719-2722.

5. Barabasi, A.L.; Albert, R.; Jeong, H. Mean-fitheory for scale-free random networkfiysica A
1999 272 130-131.

6. Barrat, A.; Barthélemy, M.; Vespignani, A. Weigh evolving networks: coupling topology and
weight dynamicsPhys. Rev. LetR004 92, 228701.

7. Barrat, A.; Barthelemy, M.; Vespignani, A. Mouhgl the evolution of weighted networkiBhys.
Rev. E2004 70, 066149.

8. Wang, W.X.; Wang, B.H.; Hu, B.; Yan, G.; Ou, Qeneral dynamics of topology and traffic on
weighted technological networkBhys. Rev. LetR005 94, 188702.

9. Li, Y., Fang, J.Q.; Liu, Q.; Liang, Y. Small wdrproperties generated by a new algorithm under
same degree of all nod&Sommun. Theor.Phys (Beijing, Chir)0§ 45, 950-954.

10. Fang, J.Q.; Bi, Q.; Li, Y.; Lu, X.B.; Liu, Q. Aarmonious unifying hybrid preferential model and
its universal properties for complex dynamical rate (in Chinese)Chinese Scienc2007, 37(2),
1-20.

11. Fang, J. Q.; Bi, Q.; Li, Y.; Lu, X. B.; Liu, (Bensitivity of exponents of three-power-laws to
hybrid ratio in weighted HUHPMChi. Phys. Lett2007, 24(1), 279-282.

12. Fang, J. Q. Exploring theoretical model of retwscience and research progresses (in Chinese).
Sci. & Tech. Rex2006 12, 67-72.

13. Fang, J. Q. Theoretical research progressnardical complexity of nonlinear complex networks.
Progress in Nature Scien@906 (in print)

14. Fang, J. Q.; Bi, Q.; Li, Y. Advances in thearat models of networkFrontiers of Physics in
China2007 2(1), 109-124.

15. Fronczak, A.; Fronczak, P.; Ho yst, J.A. Flatton-dissipation relations in complex networks.
Phys. Rev. 2006 73, 016108.

16. Tsallis, C.; Baldovin, F.; Cerbino, R.; PierabdP. Introduction to nonextensive statistical
mechanics and thermodynamiasXiv cond-mat/0309093003

17. Wilk, G.; Wlodarczyk, Z. Nonextensive inform@ti entropy for stochastic networkarXiv
cond-mat02120562003



Entropy, 2007, 9 82

18. Lu, X. B.; Wang, X. F.; Fang, J. Q. Topologit¢ednsition features and synchronizability of a

weighted hybrid preferential networRhysica A2006 371(2), 841-850.
19. Solé, R. V.; Valverde, S. Information theorycoimplex networks: on evolution and architectural

constraintsLect. Notes Phy2004 650, 189-207.

© 2007 by MDPI (http://www.mdpi.org). Reproductianpermitted for noncommercial purposes.



