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A thermodynamics of open systems has been developed which provides an entirely new theoretical framework
based on novel concepts without any recourse to statistical mechanics. The standard chemical potential is replaced
by a convective potential itself derived from a new concept referred to as the “thermobaric potential”. Entropy
convected by addition of masses into an open system is obtained using only classical concepts without leading to
Gibbs’ paradox. A generalized Gibbs--Duhem theorem is derived. Application to chemical systems leads to new
expressions for the affinity and an “intrinsic” heat of reaction which excludes the heat of mixing and is more re-
presentative of the true chemical energy. These expressions involve only mechanical and calorimetric concepts.
They are much more general than the standard formulas which are restricted to temperature variations. The van’t
Hoff—le Chatelier principle is extended to open systems in terms of the new convective potential.

1. Introduction

The thermodynamics of open systems following
Gibbs’ transitional approach has always been the source
of difficulties. Basically this is due to the fact that
masses are added to the system while the classical
definition of energy and entropy are defined as in-
creases of these quantities for given masses. Gibbs’
paradox provides a typical example of inherent in-
consistencies. The difficulties are generally resolved
by the use of statistical concepts.

However it is possible to develop a new approach
to the thermodynamics of open systems which is
completely self-consistent and avoids the aforemen-
tioned difficulties. This can be accomplished entirely
within the framework of classical thermodynamics
without introducing any statistical concepts.

The principle of the method is to use a closed
physical system of given masses constituted by primary
cells and a series of supply cells each containing a pure
substance. We also adjoin a large isothermal reservoir
at constant temperature called a thermal well. The
two types of cells and the thermal well constitute a
hypersystem. Each primary cells is at its own tempera-
ture and together they constitute a nonisothermal
system.

In any transformation by a reversible process the
work accomplished on the hypersystem defines the
collective potential. No external matter or heat is added
to the hypersystem and as a consequence it is shown
that the collective potential is a function of the state
variables of the primary cells only.

Matter is transferred internally from the supply
cells to the primary cells by a reversible process which
we have called a thermobaric transfer. This leads to two
new concepts, the thermobaric potential and the
convective potential, derived earlier [1] in a less de-
tailed presentation. The key to the procedure of thermo-
baric transfer is the use of reversible mechanical pumps
and heat pumps on the material within the hypersystem.

‘While the primary cells are open, the hypersystem is

both closed and adiabatic.

The new concept of convective potential replaces
Gibbs’ chemical potential and is defined for a given
hypersystem without any undetermined constant. The
basic difference with Gibbs’ approach and standard
potentials is discussed in detail in section 8.

One of the important features of the new approach
is an expression for the entropy convected by masses
added to the system which avoids Gibbs’ paradox.
The Gibbs—Duhem theorem is also generalized in
terms of the new convective potential. Very general
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The second term is the work of heat pumping. The
differential ds; plays the same role as dsy in eq. (3.6).
It represents the increase of entropy of a unit mass of
substance k due to the absorption of heat provided by
the heat pump at each infinitesimal step in the thermo-
baric transfer. _

When the unit mass has been brought to state 2 at
the temperature T in thermodynamic equilibrium with
the primary cell we inject the mass into this cell by
reversible work. This work is represented by the terms
el
The foregoing results are quite general and are valid
for solids and fluids. We shall evaluate the thermo-
baric potential for the case where the pure substances
are fluids throughout the range of temperature and
pressures considered. In this case

v = —pology » (3.10)

where p, is the density of the substance at the tem-
perature Ty and pressure pg of the supply cell. Note
that 1/pg; represents the volume of the unit mass.
Similarly we write

\1/;52) =prlpg > ©@3.11)

where p; and p;, are respectively the density and pres-
sure of the substance at the temperature T and in
equilibrium with the primary cell. The pressure is
therefore that of the substance in equilibrium with
the contents of the primary cell through a semiperme-
able membrane.

The work performed by the pressure acting on the
unit mass of fluid from state 1 to state 2 is

2
2
WD == [ pedlpg) . (3.12)
1
Note that d(1/p;) is the volume differential of the
unit mass. Substitution of egs. (3.9), (3.10), (3.11)
and (3.12) into eq. (3.8) and integration by parts of

eq. (3)/27 yields

2
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This may be written
piT
V= [ (Updp +6 dsp),
PoTo

(3.14)

indicating explicitly the initial and final states by p,
Tyand pg, T. To avoid undue heaviness of notation
we use the same symbols p; and T as in the final
states for the variable values of pressure and density
along the path of integration. As already pointed out
the value of Y is independent of the path followed.
Eq.(3.14) for y; was derived previously by the author
[1].

In the present development we shall restrict our-
selves to the case where the pure substances involved
are fluids and the primary cell is constituted by a fluid
mixture. The cell potential

V=W, T, my) (3.15)

is then a function of the state variables v, T, my, of

the primary cell where v denotes its volume. The
variables v and T play the role of ¢; in egs. (3.2), (3.4)
and (3.5). If p denotes the pressure of the fluid mixture
in the primary cell we may write the value of dWpg

in eq. (3.6) as

chPR =—p dv. (316)
Hence eq. (3.6) becomes
dV=—pdv+ ? Wy dmy + 0 dsy . (3.17)

To evaluate <V as a function of v, my and T by inte-
grating (3.17) we note that the result is independent
of the path of integration. Hence we first integrate at
constant volume (dv = 0) and at constant temperature
T,(0 = 0) and vary the masses injected from zero to
my,. The value of <V obtained is

my
Wmy) = [ Zk3 Uy dmy (3.18)
0
where
prTo
Vg = f (1/py) dpy, - (3.19)
PeTo

We then maintain m;, constant (dm; = 0) and the
same constant temperature T5(8 = 0) while varying
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the volume. During this process <V varies by an amount
of

v

cvn(v, my)=— fp dv, (3.20)
0

where

p =pv, my) (3.21)

is a function of the volume v at constant temperature
T, and constant my. Finally we maintain constant
the volume v (dv = 0) and my, (dm;, = 0) and vary the
temperature of the primary cell. The corresponding
variation of <V is

T T
Cvm(v,mk,T)=fedsT=f(0/T)ch, (3.22)
TO TO
where

(3.23)

is the heat capacity of the primary cell at constant
volume v and constant m;, as a function of the tem-
perature. The total value of <V thus obtained is

V(v, my, T) =P+ Pl ol (3.24)

It is interesting to point out that sy in expression
(3.17) is not a state variable since it does not represent
a total entropy change and excludes the part of entropy
change due to material convection dm, into the cell.

It will be shown below how to express dV so that

all the differentials are state variables:

Definition of partial pressure: The pressure p; of
the pure substance in thermodynamic equilibrium
with the primary cell may be referred to as the partial
pressure of the substance in the cell. This is purely a
matter of definition which has the advantage of com-
pletely general applicability.

Case of a solid cell: The case where the primary
cell is composed of solid matter with pure substances
in solid solution or contained in pores has been dis-
cussed in a concurrent paper [5].

c=c(v,my, T)

4. Collective entropy and convective potential

Attention will now be called to an important
concept involved in the present analysis, namely the

collective entropy (3.4). Assuming a fluid primary
cell, v and T play the role of g; and eq. (3.4) may be
written

3=d3@W,m, T). “.1

This collective entropy o is defined as the increase

of entropy of the collection of cells Cp + Zj, Cgy, con-
stituted by the primary cell and the set of supply cells.
As already pointed out this collective entropy o is a
function of the state variables v, m;, and T of the
primary cell. This is due to the fact that the state of
the supply cells is determined entirely by the masses
my, extracted which are exactly equal to the masses
injected into Cp.

We may therefore speak of the collective entropy
of the primary cell.

Similarly we may speak of the collective energy
(3.2) of the primary cell. In the present case with q;
represented by v and T we may write this collective
energy-as

U=UW,my, T). 4.2)

Let us now examine the increase of collective en-
tropy during a thermobaric transfer. There is no change
of entropy during extraction of dm;, from the supply
cell since the process is reversible and adiabatic. The
mass dmy, extracted is now in state 1 at the pressure
and temperature pg, Ty. During the process of bringing
this mass to state 2 an amount of heat dk provided
by the heat pump is injected into the mass dmy, at
every step. The temperature at each step is denoted
by T. During a continuous sequence of steps the
entropy of the mass dm; is increased by the amount

2 2
[ T tan=am; | g,
1 1

4.3)

where dS;, is the increase of entropy of a unit mass of
the pure substance k at every step. We may put

2
J a5 =5
1

and call it the specific relative entropy of substance k
in state 2. Hence eq. (4.3) becomes

(4.4)

2
[ 1 dn=5; dmy . (4.5)
1
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This is the increase of collective entropy of the system
constituted by the cells Cp + Cgy, and the mass dmy,
when the latter has been brought to state 2.

The mass dmy, in state 2 is now by definition in
thermodynamic equilibrium with the primary cell.
Therefore its injection by a reversible process into the
primary cell does not change the collective entropy.
Hence the increase of collective entropy d S due to the
thermobaric transfer of a mass drmy, is

dd = Ek dmk . (46)

When more than one substance is injected into the
primary cell the increase of collective entropy is

Note that injection of the masses dm;, is accomplished
adiabatically. If we now inject an amount of heat

dh directly into the primary cell the collective en-
tropy increase due to this heat injection is

dsp =T Ldhy , (4.8)

where T is now the temperature of the primary cell.
Again dhp is assumed to be provided by a heat pump.
The total increase of collective entropy due to the
injection of the masses dm. and the heat dhq is the
sum of expressions (4.7) and (4.8) namely

dd = ? 5 dmy + dsp . (4.9)

Using the same notation as in eq. (3.14) for states 1
and 2 we may write the value (4.4) of 5 in state 2 as

pT

%= [ ds,

poTy

(4.10)

where p;. and T are the pressure and temperature of
the pure substance in equilibrium with the primary
cell.

With these results we may introduce the collective
entropy differential dd into the value (3.17) of d°V.
From (4.9) we derive

dsp = dS — %) 5 dmy, . (4.11)
Substitution of this value into eq. (3.17) yields
dV = —pdv+ Zk) ¢y dmy +0dS 4.12)

where

This result is the same as obtained previously [1] and
we shall refer to ¢, as the convective potential. Be-
cause of relation (4.1) we see that the collective en-
tropy ¢ may replace T as a state variable. Hence with
v, my, and J as state variables of the primary cell

V=Y, m,dS) 4.14)

becomes a function of these variables. The exact dif-
ferential (4.12) implies the following fundamental
relations

@OV/3V)y, s =P

@VIOS), my =0

They are the same as the relations obtained earlier [1].
The convective potential ¢, plays a role similar to a
chemical potential u; while being different from it.
It seems therefore preferable to use a different termino-
logy for ¢, instead of considering it as a new defini-
tion of u as done in ref. [1]. We should note that
@y in contrast with the standard procedures for y, is
defined in a precise way by eq.(4.13) and not by
egs. (4.15). The latter constitutes an independent
theorem.

By substituting the value (3.14) of ¥, into eq.
(4.13) and taking the differential of ¢; we obtain

This can be seen to be the Gibbs function of the pure
substance per unit mass except that in contrast with
the standard definition the entropy i does not con-
tain any undetermined constant.

As a consequence of eq.(4.16) ¢, remains constant
through a phase change at constant pressure and tem-
perature.

(4.13)

@Y/omy), s = o »

(4.15)

5. Heat and entropy of mixing and aveidance of
Gibbs’ paradox

When masses dnm;, are injected reversibly we have
seen that the change of collective entropy is given by
eq.(4.9). If the process is adiabatic

dsp =0. (.1
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quently the heat of mixing vanishes for perfect gasses

Wer=0. (5.12)
Hence the entropy produced (5.8) becomes
ds* = Zk) [5x(Pg> T) — 5 (p, T)] dmy, . (5.13)

The relative entropy of a unit mass of perfect gas is

T
527, )= M| [ e4p(T) 7147 R 10x(olpy),
Ty (5.14)
where ¢z, is the molar specific heat at constant pres-
sure, ‘M ;. is the molecular weight, and R is the uni-
versal molar gas constant. Substitution of the entropy
(5.14) into (5.13) yields
ds* =R 25 M log(plpy) dmy, . (5.15)
k

In this expression p is the total pressure of the
mixture in the primary cell while p;, is the pressure
of a pure gas component in equilibrium with the
mixture through a semipermeable membrane.

We may express ds* by introducing the molar
fraction 7 of each gas in the mixture. The standard
notation is avoided here to prevent confusion with

cartesian coordinates x; used below. For a perfect
gas mixture we may write

Pr =DV - (5.16)
Hence
ds*=—-R %; ‘71(,;1 log vy dmy, . (5.17)

If we apply this to two identical gasses in equal con-
centrations y; = v, = % and with the same molecular

weight W, = W, = N we find

ds* =RM 1 log2 dm , (5.18)

where dm is the total mass of gas added (dm = dm,
+dm,). Hence in this case eq. (5.17) implies that the
mixture of identical gasses by diffusion under condi-
tions of constant pressure and temperature leads to
an increase in entropy. The fallacy of course lies in
the assumption of the validity of eq. (5.16) in this
case. Since py, is defined by equilibrium through a
semipermeable membrane application of eq. (5.16)
to identical gasses implies that the membrane can

act as a Maxwell demon and distinguish between two
categories of identical molecules.

The foregoing derivation of the paradox does not
differ essentially from Gibbs’ original discussion
(ref. [4] p. 166) as well as those of standard text-
books of Rocard (ref. [6] p.25) and Finkelstein
(ref. [7] p. 160). All these discussions point to a hid-
den fallacy introduced in the formulation namely that
identical molecules may be distinguished by a physical
process.

6. Extension of the Gibbs—Duhem theorem

In the foregoing development we have assumed that
my, represent masses of the pure substances added to a
primary cell without specifying the initial contents of
cell. We shall now assume that the cell is constituted
exclusively by a fluid mixture of the pure substances
and that my, denotes the total mass of each substance
in the cell. Following a procedure already originated
by Gibbs (ref. [4] p.87) we start with a cell of vanish-
ing volume with given values of the pressure p tem-
perature T and concentrations:

ek=mk/§ my . (61)

We maintain constant p, 0, € ;. while we inject masses
into the cell by thermobaric transfer. Under these
conditions the partial pressures p; and the specific
relative entropies 5, of the pure substances remain
constant. Hence the convective potentials ¢ also
remain constant. With these constant values we inte-
grate expression (4.12) putting V=S =v=m; =0
in the initial state of zero mass. This yields

V=_pv+ ? Sy +0.. 6.2)

Since we start with arbitrary values of p, ¢y and §
this expression for YV is quite general and is valid for
arbitrary values of v, my and J.

An important consequence of this result is ob-
tained by differentiating eq. (6.2) i.e.

dVY=—pdv—vdp + ? o dmy,

+ kEmkd¢k+0ch+ Sdf. (6.3)
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If the nonpotential forces perform no work (Wp = 0)
we derive the important relation

P=-T,S". (7.10)

In the equilibrium state variations which satisfy the
required constraints produce no entropy. Hence the
equilibrium condition is

§7=85'=0. (7.11)

In the vicinity of equilibrium the increase of  is
AP=-TyAS'. (7.12)

Since the entropy produced AS’ is positive, A P must
be negative and the system is in unstable equilibrium.
On the other hand, if A Pis positive in the vicinity of
equilibrium the deviation cannot occur and the equi-

librium is stable.

We have considered a finite number of primary
cells, however we may consider a continuous primary
system. The primary cells are then infinitesimal and
the summation in eq. (7.2) is replaced by a volume
integral. The collective potential is

V= f Y, (7.13)
Q

where d{2 = dx; dx,dx5 is the volume element with
cartesian coordinates x; and <V is the local cell poten-
tial per unit volume. The value of G is

G= [pgda, (7.14)
i

where p is the mass per unit volume and §(x;), a
function of the coordinates, is a body force potential
per unit mass. We assume the outlets of the supply
cells to be located on the equipotential surface § = 0.
The generalized collective potential (7.7) is

?= [(w+pg)d.
Q

(7.15)

We assume that this continuous medium is contained
in a rigid adiabatic vessel. Introducing expression
(4.12) for 5Vthe equilibrium condition is

5P = [|—psv+ 27 ¢,6m, + 053
ﬁ[l:PU k¢kmk

+p8§+§6p:| dQ =0, (7.16)

where 8my, are the variations of the masses of various
substances per unit volume, hence also
8p = %) smy, . (7.17)
Eq. (7.16) must be valid for arbitrary variations. Let
us first vary the volume putting 8m;, = 8 = 0. The
volume variation is

sv= 27 (3/ox;) bu; , (7.18)

where 8u; are arbitrary material displacements. Also

56 = 2 (3G ax;)bu; . (7.19)
7 .

Substitution of egs. (7.18) and (7.19) in eq. (7.16)

yields after integration by parts

p~ dplax;+ 0@ fox; =0 , (7.20)

which is an obvious static equilibrium condition. We
now vary my, and S and put v =0 with the con-
straints

mede=f8c5dQ=0, (7.21)
Q

Q

which express mass conservation and no variation of
the total entropy. These constraints are verified iden-
tically if we put

smy = 20 (2/ox,)8EK | 88 = 25 (3/0x,)5F), (1.22)

where 6El-k and 8F] are arbitrary vectors with zero
normal components at the boundary of Q. Substitu-
tion of expressions (7.22) into (7.16) yields after
integration by parts

@/3x;) (6 +Q) =0, 36/ax;=0. (7.23)

Hence at equilibrium ¢ + @ and the temperature T
are constant throughout the domain Q. From eq. (4.16)
with 07/0x; = 0 we derive

3¢k/axi = (l/pk) apk/axl . (724)
Hence from (7.23)
(1/pg) 0py/ox; + 8G Jox; =0 . (7.25)

Thus we conclude that the partial pressure gradients
of each substance in the mixture is the same as if the
pure substance were alone in the potential field @



