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SUMMARY

A GENERAL principle of virtual dissipation in irreversible thermodynamics is applied to a solid under
initial stress with small non-isothermal incremental deformations and coupled thermomolecular
diffusion and chemical reactions. Dynamical field and Lagrangian equations are obtained directly
by variational procedures. In addition, the treatment embodies new fundamental concepts and
methods in the thermodynamics of open systems and thermochemistry. The new concept of ‘thermo-
baric potential’ is briefly outlined. The theory is also applicable to porous solids with “diffusion-
like* behaviour of pore-fluid mixtures. General validity of viscoelastic correspondence for chemical
or other relaxation processes with internal coordinates is indicated in acoustic propagation and seismic
problems.

1. INTRODUCTION

VARIATIONAL principles and a corresponding Lagrangian approach to irreversible
thermodynamics (Biot, 1954, 1955) were originally developed in the linear context.
This includes the particular case of a continuum under initial stress as treated
extensively by the writer in a monograph (BIoT, 1965). Our purpose here is to extend
the theory to an initially-stressed continuum including heat conduction, molecular
diffusion of various substances in solution in the solid, and multiple chemical
reactions.

The variational principle which actually constitutes a generalization of
d’Alembert’s principle to irreversible thermodynamics is also applicable to non-linear
systems as shown more recently (Brot, 1975, 1976b). It achieves a synthesis between
thermodynamics and classical mechanics. However, in the present theory it will be
sufficient to use the principle in its earlier form in the linear context.

The formulation of the variational principle introduced a non-classical
‘collective potential’ which has been used repeatedly in many applications, including
the treatment of piezoelectric crystals (MINDLIN, 1961, 1974).

The problems cited above did not involve molecular diffusion or chemical
reactions. In order to deal with these problems, a new concept was developed,
referred to as the ‘Thermobaric potential’ (Biot, 1976a). Its derivation is briefly
outlined in Section 3.
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The concepts of incremental strain with local rotation, incremental stress and
collective potential for a continuum initially in thermodynamic equilibrium under
initial stress are developed in Sections 4, 5 and 6. In the definition of strain, attention
is called to the importance of separating the deformation from the rotation and to a
non-tensorial definition. The entropy production based on ONSAGER’s (1931) principle
is evaluated in Section 7 for coupled thermomolecular diffusion.

The field equations are derived directly from the variational principle in Section 8.
The differential equations obtained are completely general and govern the dynamics
of the small perturbations of a continuum under initial stress with thermomolecular
diffusion and in the presence of a potential body force field. They constitute a new
result. Derivation of such equations directly from a single physical and general
variational principle is in contrast with current procedures which generally require
a knowledge of the differential field equations in order to establish the variational
properties in each case.

Lagrangian equations with generalized coordinates are obtained also directly
from the variational principle in Section 9. The generalized boundary driving forces
are of mixed mechanical and thermodynamic nature. Basic reciprocity relations are
implicit in these equations valid for all kinds of systems and boundary conditions.
They constitute a general law for all linear thermodynamic systems and do not
require a special derivation for each particular problem, as wrongly assumed by
many workers.

The results are generalized to include chemical reactions in Section 10 which
embodies a new treatment of physical chemistry and of the chemical affinity (Bior,
1976a,1977). The acoustic propagation is discussed in Section 11 from the view-
point of internal coordinates with chemical or other relaxation effects such as micro-
phase changes. A generalized form of the principle of viscoelastic correspondence
is formulated. _

Wave propagation in solids with chemical reactions has been treated by
NunziaTo (1973) without initial stress and diffusion and by a more traditional type
of chemical thermodynamics.

Attention is called to the applicability of the present theory to porous solids in
those cases where the diffusion of a fluid mixture through the pores behaves as a
molecular diffusion.

2. CoLLECTIVE POTENTIAL OF A CELL

Consider a homogeneous element which is initially a unit cube under the initial
stresses §;;. With cube edges along Cartesian axes, S;; are the force components
acting on the faces. The cube is at uniform temperature. This solid element will be
called a primary cell C,. We shall assume that it may'lose or acquire matter in the
form of pure substances in solution. Hence it is an open thermodynamic system.
A new approach to such systems has recently been developed which we shall briefly
outline here.

We adjoin to the primary cell a set of large rigid supply cells C,; each containing a
pure substance k. The supply cells are all at the same pressure p, and temperature T,.
As shown earlier (BroTt, 1976a,1977), the choice of the same pressure and temperature
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for all supply cells is required to avoid the Gibbs paradox. We also adjoin a large
isothermal reservoir at the temperature T, which we have called a thermal well.

k
The system constituted by the primary cell C,,, the supply cells Y Cq, and the thermal
well has been called a hypersystem.

This hypersystem is now assumed to undergo a reversible transformation pro-
duced by external forces. In this transformation, heat and matter are transported
reversibly within the hypersystem. No heat or matter are exchanged with the
environment. The work performed on the system includes the work of reversible
heat pumps to transfer heat between cells at different temperatures. We denote
by ¥~ the total reversible work on the hypersystem. The first principle of thermo-
dynamics yields the relation

¥ =U+H,, @.1)

k
where % is the internal energy of the system of cells C, + ) Cy and H, is the heat
energy acquired by the thermal well.
An important property of ¥ is obtained by considering that the transformation
is reversible; and hence the total entropy of the hypersystem remains unchanged
and may be put equal to zero. We write

& +Ho|T, =0, 2.2)

k
where & is the collective entropy of the system C, + ) Cgy. Elimination of H,
between (2.1) and (2.2) yields

V =U-T,. 2.3)

The state variables of the supply cells are the masses m, of the various substances
extracted from these cells and transferred to the primary cell. Since the my are also
part of the state variables of the primary cells, the latter completely determine the
values of % and &%. Hence, ¥ is a function only of the state variables of the primary
cell. Tt is therefore possible to refer to ¥, # and & as the collective potential,
collective energy and collective entropy of the primary cell C,.

3. THERMOBARIC POTENTIAL: A NEw CONCEPT

In its initial state, the cell C,, is assumed to be a cube of unit size. The deformation
is homogeneous and defined by six independent variables ¢;; = g;; which are not
necessarily tensor components. Their definition will be discussed in Section 4. The
corresponding stress components T;; = 1;; are defined by the work 7;; de;; accom-
plished in obtaining any arbitrary strain differential. Assume that the cell undergoes
such a differential deformation, while masses dm, are injected reversibly into it and
a differential amount of heat is absorbed. This change being accomplished reversibly,
the concentrations of the pure substances and the temperature T of the cell are
assumed to remain uniform. By definition, the increase in the collective cell potential
is

k
av = Tij dgij + Z 'l/k dmk +0 dST. (3.1)
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We put
0 = T— To, dST=dh/T0. (3.2)

In equation (3.1) and all subsequent ones we drop the summation sign for indices
except those of m;.

The term 6 dsy is the work required by a heat pump extracting heat at the
temperature T;, from the thermal well and injecting an amount dh in the primary
cell at the temperature 7.

The quantity y, represents the reversible work required to extract a unit mass of
substance k from the supply cell C, to bring it into thermodynamic equilibrium at
pressure p, and temperature T with the primary cell C, and to inject this mass into
the primary cell. We have called ¢, the thermobaric potential, and referred to the
mass transport as a thermobaric transfer. Although this definition is quite general,
we shall assume that the pure substances are fluids. In this case, p, is the pressure
of the substance in equilibrium with the primary cell through a semi-permeable
membrane. By definition, we have called p, the partial pressure of the pure substance
in the primary cell. The value of y, obtained earlier (Biot, 1976a,1977) is

et (dp, .
=T (B rods) 33
poTo \ Pk
where d5, is the entropy differential of a unit mass of pure substance. The first term
represents the work accomplished during thermobaric transfer by the varying
pressure p, acting on the fluid at various corresponding densities p,. This is verified
by integration by parts of this term which yields three terms and bring out the work
of extraction from C and injection into C,,. The term 6 df, is the work accomplished
by the heat pumps at every step for each intermediate temperature §. The integral
(3.3) is independent of the path of integration. The entropy of a unit mass of pure

substance k in equilibrium with the primary cell is
T
§k = j d.§k. (3.4)
poTo
We shall call §, the specific relative entropy of the pure substance in the primary
cell.
Injecting into the primary cell, the mass dmy in equilibrium with it does not
produce any entropy. Hence, the increase of collective entropy of the primary cell is

k
4% =Y 5, dm, + dsy, (3.5)

where the first term is due to convection and ds; is due to heat conduction.

4. INCREMENTAL STRAIN

The definition of stress by means of the virtual work 7;; de,; is quite general and
&; may be Green’s strain tensor. However, in problems of incremental stresses, it is
essential to avoid spurious complications which arise from the use of Green’s tensor.
This is accomplished by using a definition of strain introduced by the writer in 1939
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p- 293. In equation (4.7,), read
N1 = 343,
p. 294. On the second line after equation (5.4), read
Since ¢;;, m;, and & are state variables, . . . .

p- 297. In-equation (6.15), replace

k k
Y 9E)om, by 3 [G(EIm].

Equations (6.16) should read

09(E) _9(x) _,
& om0

In equation (6.18), replace

G() = Yu;+%(x,).

k k
zgimkui by zgié(mkui)'

p- 299. In equation (7.9), replace

k
SEEMEST by YELMEST.

p. 300. In equation (8.6), replace

k
pii;éu; by <pﬁ.-+ y mOka?) du;.

In equation (8.9), replace
SMY by MK
p. 306. In equation (11.6,), read

. 1 %+6uj
¥ 2\ox; T ox;)
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The dissipation function for simultaneous thermomolecular diffusion and chemical
reactions is

D =Dg+D ey (10.15)

Note that the dissipation functions 24 and 9, are uncoupled because the former
involves vectors whereas the latter involves scalars. This is in accordance with
Curie’s symmetry principle.

Usmg (10.9) and (10.7), the value of v is derived as a quadratic form in &, ¢;;,
MP* and s;. Application of the variational principle, as in Section 7, leads to the field

equations
d (08 G, Myo
—_— —_—~——1t,. ;= U,
dt<6d,-> ax,.<”+s"°a >+AK' 0
A ATV A
de\om*) " ox, " T oM (10.16)
o0 09 )
=0
ox; 00
02
—A4,+—-5 =0
65,,

Lagrangian equations (9.8) are also obtained by adding to (9.1) a representation of
&, by means of the generalized coordinates

fp = ép(qls qas -« s qps xl) (10.17)
and introducing a dissipation function
D=[94dQ, (10.18)
Q

where 2 is given by (10.15) and includes the chemical dissipation.

11. AcousTiC PROPAGATION WITH CHEMICAL AND OTHER RELAXATION EFFECTS

According to (10.6) and (10.14) we may write

v v v

— =t — = A . — =4,

66” i 3M" lllk aST 0 (11 1)

@, 0D _ 0 '
o, o¢,
These equations have the form
6v v 09,4
—_— = s — + .C = 0, 11.2
O Gt (112

where Q; represents the drlvmg forces t,;, Ay, and 6, and g, represents the conjugate
variables e;, M* and sy. The potential v is a quadratic form in g; and &£, while 9,
is a quadratic form in f Equations (11.2) are Lagrangian equations derived and
discussed in the general context of linear thermodynamics and represent a system
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with internal coordinates &,. It was shown (B1oT, 1954, 1970) that the other coordinates
q; are related to the driving forces Q; by the operational relations

s
0:= (5052 +,) 4y (L3
where p = d/dt is the time-derivative operator. The coefficients Dj; and D,; are
symmetric and positive definite. The relaxation constants r; are positive. For
harmonic time-dependence proportional to exp (iwt), the value of p is iw. The
operational equations (11.3) may also be interpreted as Laplace transforms. For the
general case, the operational expression represents an integral operator

p
D+Ts

) = f exp [rit =01 ). (11.4)

Equations (11.3) are integro-differential relations between the driving forces ¢,
Ay, 6 on the one hand and the response variables e;;, M*, s on the other hand.
We may write them, symbolically, as

tij eij
Ay | = [Z] |M*|, (11.5)
) Sp
where [Z] is the operational matrix of (11.3), and
1 /0u; Ou; oM? oSy
=~ — - Mk = =—-—. .
ei.l 2 (axj_;; axi>, axi ] ST axi (11 6)

These relations represent a generalized form of viscoelasticity which are essentially
the same as those introduced more specifically in the mechanics of viscoelastic solids
(Biot, 1954, 1965). The viscoelasticity in the present case is due to chemical relaxation.

Substitution of the values (11.5) in (8.10) yield the acoustic propagation equations
under initial stress with thermomolecular diffusion and explicit chemical relaxation
effects.

Viscoelastic correspondence introduced as a consequence of irreversible thermo-
dynamics (Biot, 1954, 1955, 1965) is confirmed here in the same general context;
namely, solutions of (8.10) without chemical relaxations are immediately extended
to include these simply by replacing the matrix [Z] of constant coefficients by the
operators. It is important to point out the extreme generality of this procedure.
It may be applied, for example, to the Lagrangian equations (9.10) including explicitly
the constant coefficients representing the matrix [ Z] without chemical relaxation and
then replacing the coefficients by the corresponding operators. This should be
extremely useful in the solution of seismic problems.

11.1 Other relaxation effects

A large variety of relaxation effects other than chemical ones, such as micro-
scopic phase changes, intergranular viscosities, etc., lead to the same type of
equations with suitable internal coordinates.
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