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A vprinciple of virtual dissipation generalizing d’Alembert’s principle
to nonlinear irreversible thermodynamics is applied to viscous fluid
mixtures with coupled thermomolecular diffusion. Original dynamical
field equations are obtained directly from the variational principle. The use
of new fundamental concepts and methodsin the thermodynamics of open
systems avoids the difficulties inherent in the classical Gibbs approach.
The dissipative forces incorporated explicitly in the field equations are
expressed by means of a dissipation invariant evaluated in detail in terms
of coupled viscous and diffusive properties. Partial pressures and dissi-
pative stresses are given new, unambiguous thermodynamic definitions.
Lagrangian type equations with generalized coordinates are also obtained
directly from the variational principle. They provide a powerful tool
of simplified analysis of complex open systems as well as the foundation
of a variety of finite element methods.

1. INTRODUCTION

The principle of virtual dissipation of irreversible thermodynamics (Biot 1975,
19776 a) constitutes the fundamental mathematical tool for the analysis of evolution
of open non-equilibrium collective systems. It is essentially a generalization of
d’Alembert’s principle to thermodynamics. It is obtained by adding to the virtual
work of frozen inertia forces the virtual work of frozen dissipative forces which is
called virtual dissipation. Traditionally the virtual work of the inertia forces is
expressed in terms of material displacements of the particles in a closed system. The
procedure has been extended to open systems by expressing this virtual work in
terms of mass flow across an open cell (Biot 1977a).

The object of this paper is to apply the principle of virtual dissipation to fluid
mixtures with thermomolecular diffusion, and to derive directly by a variational
procedure the fluid dynamical equations of the continuum as well as the Lagrangian
equations in terms of generalized coordinates. The procedures, concepts and results
are fundamentally different from those of other schools (Green & Naghdi 1969,
1971). Equations obtained are of simple and general symmetric form which includes
explicitly the quantitative terms due to entropy production. They are based on two
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fundamental invariants, a collective potential and a dissipation function, which
completely describe the reversible and irreversible properties of the system.

The new concepts involved in the thermodynamics of open systems as derived
more extensively earlier (Biot 1976, 1977 b) are briefly outlined in § 2. The thermo-
baric and convective potentials are shown to replace the chemical potential, thus
avoiding the difficulties which are inherent in the classical Gibbs treatment.
Entropies and internal energies are also defined in a new way as collective concepts
which involve supply cells as part of the system.

Entropy flow and production are considered in § 3. The total entropy flow as the
sum of a conductive and a convective term leads to a fundamental entropy balance
equation which involves new definitions (Biot 1977 a, ¢). The entropy produced by
viscosity and thermomolecular diffusion is also evaluated. The fundamental
invariance under solid translation and rotation is taken into account. This leads
to the concept of dissipative stresses as distinet from the pressures. Both are defined
thermodynamically in a new way.

The principle of virtual dissipation is presented in §4 in the context of fluid
mixtures, and is used in §5 to derive variationally the dynamical equations of the
mixture. The continuous field variables governed by these equations are new. They
are the entropy displacement and the mass displacement vectors of each substance
and in addition a scalar which is the entropy produced per unit volume. A general
energy flux theorem is derived in § 6 which leads to the concept of energy flux vector.

Application of the variational principle to incompressible mixtures requires a
special treatment as shown in §7. This introduces a Lagrangian multiplier which
may be interpreted as the total pressure of the mixture.

Lagrangian equations based on a description of the mixture by generalized
coordinates are derived in § 8 directly from the variational principle without using
the field equations. They involve the evaluation of the two fundamental invariants
as functions of the generalized coordinates. This formulation provides a powerful
tool for the approximate analysis of complex systems and in the development of
a variety of finite element methods as indicated in §9.

2. NEW THERMODYNAMICS OF OPEN SYSTEMS

A ‘collective potential’ was shown (Biot 1954, 1955) to provide the key funda-
mental concept in the systematic development of non-equilibrium thermodynamics.
In this earlier work it was referred to as ‘generalized free energy’ because it coin-
cides with the Helmholtz free energy in the particular case of isothermal systems.
The concept was applied to piezoelectric crystals (Mindlin 1961, 1974). More
recently a completely general variational formulation of nonlinear, non-equilibrium
thermodynamics has been derived from the concept of collective potential (Biot
1975, 1976a,b). A direct physical definition of this concept was introduced (Biot
1976b, 1977b,¢) by considering a ‘hypersystem’ constituted by primary cells C,,,
large rigid supply cells Cy;, and a large rigid isothermal reservoir at the constant
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temperature 7T, called a thermal well TW. Each supply cell C,, contains a pure
substance k. The substances are all at the same pressure and temperature p,, Tg.
It was shown (Biot 19765, 1977b) that this condition is required in order to avoid
Gibbs’ paradox. The system of primary cells £, C,, is non-isothermal, each cell being
at its own temperature 7,. The hypersystem 2, Cp, + X, Cg; + TW undergoes revers-
ible transformations by which matter and heat are transferred internally between
cells. This transformation is accomplished solely by mechanical work by the use of
forces acting on the system, as well as fluid pumps and heat pumps. According to the
first principle this work is represented by the internal energy V of the hypersystem.

It defines the collective potential V. The transformation being reversible, the
total change of entropy is zero. Hence

S+ST“' = O, (2.1)
where § is the increase of entropy of the collective system X, Cp, + 2, Cq, while Spw
is the increase of entropy of the thermal well. We may write

Syw = Hy/ T, (2.2)
where H, is the thermal energy acquired by the thermal well.

The internal energy V of the hypersystem is
V =U+H,, (2.3)
where U is the internal energy of the system X, C,, + X, Cy;. Elimination of H, and
Stw between equations (2.1) (2.2) and (2.3) yields
V=U-T,8. (2.4)

Consider now a completely general irreversible transformation of the primary
system of cells £, C,,, where external work is performed on this system but no matter
or heat is provided to the system as a whole. According to the first principle
neglecting kinetic energy, we write

U=W-@, (2.5)
where @ is the increase of potential of the system in a potential force field such as
gravity while W is the work performed by other forces. From (2.4) and (2.5) we
derive V+G—W =—T,8. (2.6)
We have called P=V+0 (2.7)
the mixed collective potential (Biot 1975, 1976 a, b, 1977 b) because it unifies mechanical
and thermodynamic properties. Since the primary system receives no matter or heat
from the environment, we replace S by 8* to indicate that it represents the entropy
produced by the primary system. Hence (2.6) is written (Biot 1975, 19764a)

P-W =-T,8* (2.8)
While the system X, C,, itself is closed, subsystems of primary cells and the cells

themselves are open, and may exchange heat and matter among themselves or with
another subsystem which represents the environment.
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The collective potential possesses the important property of additivity. This
means that V=37, 2.9)

where ¥/, is the collective potential of each cell C,,. Hence we may analyse its
fundamental properties for a single rigid primary cell C, and we shall refer to its
collective potential ¥” as the cell potential. The justification for this is derived from
the fact that the state of the collective system C, + X, C,;, is completely determined
by the state variables of the cell C; alone. This can be seen considering C,, to contain
a homogeneous mixture of fluid substances at the temperature T'. The state variables
of the cell are T and the mass increase M* of each substance in the cell measured
from a certain initial state. These masses are obtained from the supply cells so that
the state of X,C,,; is also determined by M*. Hence the state variables 7', M* of
Cp completely determine the state of the collective system C,+ X, Cy;.

Similarly the collective entropy & and energy % of the system C,+ X, C; are
completely determined by the variables 7', M*. For this reason we may call & the
entropy of the primary cell and % the energy. We may write for the cell

Y =U-T,%. (2.10)

Furthermore the variables M* and & may be chosen as state variables of the cell.
The cell potential has been expressed in terms of new concepts (Biot 1976, 1977b)
as follows. By definition we may write

A = Xy, dM¥+0dsy, (2.11)
k-

where ;. is the thermobaric potential. It represents the reversible work required to
transfer a unit mass of substance k from the supply cell C;, to the primary cell Cp.
The term i, d M* represents the work required to transfer a mass d M*. The process
is called a thermobaric transfer. The term 6ds;, where

6=T-T, (2.12)

represents the work required by a heat pump extracting heat from TW at the
temperature 7}, and injecting an amount of heat 7'ds,, into Cy at the temperature 7'.
This heat injection increases the entropy of Cp by the amount ds.

The value of ¥, has been shown to be

o= [ (Leroras,). (2.13)
po, Ty \ Pk
The variable pressure and density of the substance along the path of integration are
p;, and py;, the variable temperature is 7" with 6’ = T" — T}, and d3;, is the entropy
differential of the unit mass along the path. The pressure p,, is the pressure of the
substance brought to equilibrium with the cell C, through a semi-permeable mem-
brane. By definition this pressure p, is called the partial pressure of the substance k in
the mixture contained in Cp at the temperature 7'. The first term in (2.13) represents
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the work of a mechanical pump and includes the work of extraction from Cy;, and
the work of injection into Cy,. The second term represents the work of a heat pump
required to change the temperature of the substance arbitrarily along the path of
integration in infinitesimal steps. The value of the integral (2.13) is independent of
the path.

A relative specific entropy is defined as
e T
5, = f ds,. (2.14)
o, To

The increase of collective entropy of Cp+ X, C,;, owing to a thermobaric transfer is
§,dM*. Hence the entropy differential of C;, is written

d¥ = 3 sAM* +dsy. (2.15) "5/
k

Note that this expression is valid only for the reversible process of transfer described
above. However it provides a way of evaluating the cell entropy & defined above as
a collective concept.

In equations (2.11) and (2.15), dM* and d are state variables of the cell while

ds, is not.
Elimination of ds, between these two equations yields
d7" = T ¢ dM*+ 04, (2.16)
P
where & = Yy — 03 (2.17)
is the convective potential (Biot 1977b, ¢). Using the 'value (2.13) of i, we derive the
ropert; -
propery dg,. = dpy/py—5d6. (2.18)
The cell potential (2.10), that is
¥ =V (M*PF), (2.19)
is a function of M* and &, with
oY o7
6—Jw'c = ¢k! &—? = 0. (2.20)

An alternative expression for the convective potential is obtained by substituting
the value (2.13) of ¢, into (2.17). We obtain

¢k = Ek—Tgk’ (2.21)

_ ok, T dp' - P P or, T 1
where € =f (———,1"+T'ds)=—k——°+f [—— ’d(-—,)+T'd§], 2.22
T oo\ Pi AR S R V™ b (222)

while p,; and p, are densities at p,, 7, and py, T respectively. The quantity &, defines
the relative specific enthalpy of the substance in C,.
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Attention is called to an important feature of this new approach. Within a given
hypersystem the quantities ¢, §, and ¢, contain no undetermined constants, in
contrast with traditional concepts.

Also the quantities V, U, 8, ¥ and & are completely defined as increases from a
given initial state of the collective system for which they are put equal to zero.

The entropy & of a cell of unit volume may be evaluated as a function of the
masses M* added and the temperature 7' by integrating (2.15) along an arbitrary
path. We denote by 5,(M¥%, T) the relative specific entropy of any particular
substance k. Since the partial pressure p, is a function of M* and 7T, §, is a function
of the same variables. We first integrate equation (2.15) at constant temperature
T,, the masses added varying from zero to M,. We then maintain the masses constant
and heat the cell to the temperature 7'. Integration of (2.15) along this path yields

& my ’
& = sz [sk(Mk,ToH’ig",—(Mk, To)] dMMfTC(—M—;——’,T)
kJO 0 Ty
In this expression Ag*(M*, T,) is the heat absorbed by the cell when a unit mass of
substance k is added reversibly at constant volume and constant temperature 7j,
while c(M*, T") is the cell heat capacity at constant M*(k = 1,2,...), constant volume
and variable temperature 7. From expression (2.23) we derive the temperature

T = T(M* &) (2.24)

ar’.  (2.23)

as a function of M* and .#.

When the primary system is a continuum £ the potential of an infinitesimal cell
of volume d 2 is ¥"df2, where ¥ is the local potential per unit volume. According to
the additive property (2.9) the collective potential of the continuum is the volume
integral
y = f vao. (2.25)

3. FUNDAMENTAL ENTROPY BALANCE EQUATION AND
ENTROPY PRODUCTION

Consider a domain £ of the fluid mixture. The rate of entropy increase of this
domain is

S:L(é;}ﬁ%) dQ—fAzkﬁkM{-‘nidA. (3.1)

The dot designates a time derivative. The rate of heat acquired per unit volume is 4
and §% is the rate of entropy produced per unit volume by irreversible processes
other that thermal conduction. The second integral is over the boundary 4 of 2 with
a unit normal n,. The rate of mass flow of substance k per unit area is the vector M¥
and 3, is the relative specific entropy (2.14) of substance k in thermodynamic
equilibrium with the mixture at the point considered through a semipermeable
membrane. The summation sign will be omitted for vector and tensor indices.

We may write - _aHi/axi, (3.2)
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where H, is the rate of heat flow per unit area, and z; are the coordinates. By sub-
stituting the value (3.2) into (3.1) and transforming the surface integral into a
volume integral, we obtain

o8;
_ 3k __ 1
S = fg (s axi) dQ, (3.3)
. 1, 0T H,
where §*% = S§T“nga_.’ St = vk (3.4)
and S, = X5, Mk + St (3.5)
k

The first terms 5, M¥ represent the rate of convected entropy, St is the entropy flux
due to thermal conduction, and S, is the total entropy flux. The rate of entropy
production due to thermal flux alone is (per unit volume)

1 .07 1
AR < A
T St &, ksis,, (3.6)
where k is the local coefficient of thermal conduction. Hence

* = sk + 818k (3.7

is the rate of entropy produced per unit volume. Since equatlon (3.8) is valid for an
arbitrary domain Q we may write

& = §%-08,/0x,, (3.8)

where % is the entropy per unit volume. Equation (3.8) constitutes the funda-
mental entropy balance equation already obtained earlier (Biot 1977a,c). It
generalizes Meixner’s result (1941) which is restricted to purely thermal flow.
Integration with respect to time, with zero initial values, yields

&L =s*+s, (3.9)
where s =—08;/0x; '(3.10)

represents the entropy supplied by convection and conduction while S; was called
the entropy displacement (Biot 19764, 19774, ¢).
Another equation of the same ‘holonomic’ type is the mass conservation condition
Mx = —oM% 0w, (3.11)
where M* is the mass supplied by convection per unit volume, assuming zero initial
values. The total mass of substance k per unit volume is
mk = m0k+Mk, (3.12)

where my, is the initial mass for M* = 0
We shall now evaluate the rate of dissipation due to thermomolecular diffusion
and viscosity. This is expressed as

* =29 429, (3.13)
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where T is the local temperature and §* is the rate of entropy production per unit
volume. The terms 29,,, 29y represent the dissipation due respectively to thermo-
molecular diffusion and the viscosity. They are uncoupled owing to Curie’s principle.

As already shown repeatedly (Biot 1977a,c,d) the dissipation due to thermo-
molecular diffusion is a quadratic form in the rate variables M¥,8,. As such it
embodies the validity of Onsager’s principle (1930, 1931, 1953; Machlup 1953) as
a local property for coupled diffusion phenomena. However the coefficients of this
quadratic form vary from point to point and depend on the local state variables. It
must also satisfy two fundamental invariant properties. It must be isotropic and

must vanish for a solid translation of the mixture. To this effect we introduce the
velocities

o = M¥%/m, (3.14)
of the various substances, and hence the dissipation function due to thermomolecular
diffusion is a quadratic form in v¥ and St.

We write Db =13 Kok 4 szv':St +(T/2k) z(St) (3.15)

ki

It is convenient in this expression to introduce explicitly the summation sign for ¢
instead of the summation convention For v¥ = 0 the dissipation is reduced to
(T/2k) £,(8%)2, where (1/k)Z,(8%)? is the rate of entropy production (3.6) due to
thermal conduction. The d1ss1pat10n function must be invariant under solid trans-

lation. It is shown in appendix I that to satisfy this condition it must be of the
form

1k
Phu= g on (e M) + DR ’St e (3.16)
Ui m My ok
where the coefficient K* must satisfy the relation
> Kk =0, (3.17)
k

The coefficients C%, K* and T'/ 2k are functions of the local state variables M* and <.
The dissipation function 2§, must be non-negative, hence we must have C%* > 0
while the other coefficients also satisfy suitable conditions. We may substitute into
(3.16) the value of 8t derived from (3.5) as

St = Si—zs,Mg.. (3.18)

We obtain =} G %+ Z%kM’”S + (T/2k 3 (8,)2 (3.19)
ki

This value is equal to 2}, except that it is now expressed in terms of M¥ and the
total entropy flux S; instead of the entropy flux S due to thermal conduction only.
In (3.19) the coefficient €* includes the coupling between M¥ and the entropy flux
S, due to both convection and thermal conduction.

In order to evaluate the dissipation due to the viscosity properties of the mixture
we must consider the velocity gradients

of; = k0w, (3.20)
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We assume a Newtonian type viscosity. Again owing to the Onsager principle (1930,
1931) the dissipation function must be a quadratic form in the rate variables v%.
Because of isotropy it must be a function of the quadratic invariants which are
(retaining the summation rule for tensors)

ik, Vvl Yl (3.21)
where r* = 8,;0% (3.22)

are dilatational strain-rates. The dissipation function due to viscosity is therefore

ok DL HEHE A DR (3.23)
ik

where A%, A% and A¥ are viscosity coefficients, functions of the local state of the
mixture hence of M* and &. If we put

r{'cj' = %(v%+v;ci)’ (0“ = %(’D"—-'D;gi ’ (324)
or ok =+ 0l vl = k-0, (3.25)

the dissipation function becomes

Dy = %1215 Aleptple 4 {‘_‘,?7’1"7’” e Zn’{‘w’”w“, (3.26)
where 7 = LAY+ AY),  g¥ = JAF -2, (3.27)
or AF =g, A= —i. (3.28)

The form (3.26) of the dissipation function brings out explicitly the strain rates %
and the rates of rotation wf;. The dissipation function 2y must be non-negative.
It is shown in appendix IT that this implies the necessary and sufficient condition
that the matrices A% + 24, 5%, % be non-negative, i.e. that for all values of real
variables z;, we have

Z A+ ) 212, 2 0, Tk > 0, oiftek > 0. (3.29)
Tk I

Additional conditions for the coefficients are also obtained if we consider a solid
rotation w;; of the mixture, where r¥; = 0, w!; = w,;. In this case the dissipation must

disappear. Hence D, = E w0, (3.30)

and the coefficients must satisfy the condition
27712'0 = 0. (3.31)

Another condition is obtained if we put of; = 0 and 7§ = §;,7. To state that the
dissipation vanishes in this case is equivalent to the assumptxon that bulk viscosity
of the mixture is zero. Hence

%2 k2 4 3 ¥ plky2 = 0, (3.32)
1k Ik
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which implies the condition
3 (N 4 3lF) = 0. (3.33)
7

However the vanishing of bulk viscosity is not a necessary physical requirement.

4. PRINCIPLE OF VIRTUAL DISSIPATION

A fundamental variational principle of virtual dissipation generalizing d’Alem-
bert’s principle to non-equilibrium thermodynamics has been developed (Biot 1954,
1955) and applied to general thermorheology (Biot 1976 a, 1977 a, ¢, d). Itis a natural
generalization of the linear Lagrangian thermodynamics initiated earlier (Biot
1954, 1955)- 4

For the reader’s convenience we shall present a simplified derivation of the
variational principle in the special context of fluid mixtures. Equation (2.8) being
valid for arbitrary transformations, we write it in variational form as

8P — W + T)58* = 0. (4.1)

The variations are applied inside a domain 2 and the variables to be varied obey the
basic conservation constraints (3.10), (3.11). From (2.7) and (2.25) we write

57 = f 890 +56. (4.2)
Q

If the body fo@es are derived from a potential field of scalar potential (x,) per unit

mass we may write
G = f pgd, p=3Ymy. (4.3)

Q k
Hence 37 =f (87 + %dp)dQ. (4.4)
2

According to d’Alembert’s principle the virtual work of the reversed inertia forces
may be included in the work 8 W of the external forces. In the present case this work

is reduced to
3W = - X I,3q;, (4.5)

where I, are generalized inertia forces and ¢, the conjugate displacements.
The total virtual entropy variation is

38+ =f 8s*dQ, (4.6)
2

where 8s* is the variation of entropy produced per unit volume. With the values (4.4)
(4.5) and (4.6), equation (4.1) becomes ’

2115%"‘f (87 +%dp+T,8s*)d2 = 0. (4.7)
T 2
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An important alternative form of this variational principle is obtained by writing,
according to (2.16), (2.20);

87 = 5rV+§-Z58* = 8: ¥+ 08s%, (4.8)
0
A4
where er == Ek:a‘—M—kSM +5.—5’768 (49)

represents a ‘restricted variation’ of ¥~ obtained by not varying s*. Substitution of
the value (4.8) into (4.7) yields

S 1o+ | (87 + @3+ Pos) AR = 0, (4.10)
t

This form of the principle of virtual dissipation is directly applicable for our purpose.
The term 7'3s* was called the local virtual dissipation and it was shown (Biot 1975,
1976 a, 1977a) that it is obtained immediately from the rate of dissipation invariant

“ZS Mk +
T ol % OMF
where 8 M% and 38, are arbitrary variations of M¥ and S;, while 8a; is

8S; (4.11)

0

Eo— L Sub
da; , duy, (4.12)
where §u¥ is the variational displacement of substance k. According to (3.14) it may
be expressed as Suk = 5% /m,,. (4.13)

k
Hence Sak; = 2 (SM‘), (4.14)

Oz; \ my,

where 3M¥ is the variation of mass displacement.
We put ol = 0D [ovk;. (4.15)

By definition we shall call this the partial dissipative stress tensor. This provides a
thermodynamic definition of these partial stresses based on the dissipation invariant
2. By using the value (3.23) of 2 equation (4.15) yields the constitutive equations

ol = 8, 3N 32 vl + = Aol (4.16)
In case of a single substance
Ne= A, Ae=n, M=,
W=y P=n, rt=r, 1= n,'-}

Equation (3.31) yields 5, = 0. Hence from (3.28) A; = 2, = 7, and the constitutive
equations (4.16) become 7y = 2yriy+ Ay, (4.18)

(4.17)

which is the classical relation for a gas with viscosity coefficients A, 7.

Ay
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Note that o%; are not the only partial stresses. The other part of the stress is the
isotropic partial pressure p;, defined thermodynamically as described above, namely
by considering equilibrium of the pure substance k& through a semi-permeable
membrane with a cell of same concentrations and temperature as the mixture at the
point considered. The dissipative stresses are thus defined quite differently from the
pressures.

With the definition (4.15) of ¢%; the virtual dissipation (4.11) is written

02 0
T os* = %o‘%ﬁa{-‘;+§ aM“{? asfm

?

SME+

58;. (4.19)

5. VARIATIONAL DERIVATION OF THE FIELD DIFFERENTIAL
EQUATIONS OF DYNAMICS OF THE MIXTURE

The state of the mixture is completely defined by the vector fields M¥ and S; and
the scalar field s* representing the entropy produced per unit volume. We consider
arbitrary variations $M¥ and 88, inside a domain 2 and apply the principle of
virtual dissipation. The virtual work of the inertia forces is

> I5g, = f SmaiutdQ = [ SaksMrae, (5.1)
B 2%k 2%
where the virtual displacement u¥ is given by (4.13). The acceleration of substance
kis aip.__%_”ti'c_{.v;c.g%. (5.2)
By using relations (2.20) the value (4.9) of 5;#" is written
&Y = §¢k8Mk+683. (5.3)

With these values of 3, 1;8¢; and §,; 7", and the value (4.19) for 7'8s*, the variational
principle (4.10) becomes

0D

m 5 11
ot O

f (z MY + N SM* + 055+ Fop+ X odak, + X
2 \Ek k k k

agtm )
Jd2 =0. (5.4
+§ 3, 88;)d (5.4)

The variations may be expressed as follows. From (3.10) and (3.11) we obtain

SME = — (8 M¥/0x,), 3s=—0(58;/,). (5.5)
Also from (3.11), (3.12), (4.3) and (4.14)
8p = —O(BM¥) /ox;, Bal; = O(BM%/my)/0,. (5.6)

We integrate by parts the terms containing 8§ M*, 8s, 5p and 8a¥;. Since M ¥ and 88;
may be chosen arbitrarily inside £, while vanishing continuously at the boundary,
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we equate to zero.the coefficients of these variations. This yields the field differential

equations . 130k 3, Dum
e oot 0|
0P, o
ail'i aSt o
where we have put or=0¢.+%. (5.8)

We need one more equation for the unknown s*. This is provided by expression
(3.13) for the rate of dissipation, namely

The field equations (5.7) and (5.9) thus obtained by a variational method while

extremely general show a remarkable symmetry and simplicity as well as physical

significance. This in spite of the great physical complexity of the system. The

quantity ¢, has been called ‘ mixed convective potential’ in earlier work (Biot 1977¢c).

It includes the work ¢ accomplished to bring the unit mass to the location z, in the

potential field. We may assume for example that supply cells are located on' & = 0.
A useful alternative classical expression of the acceleration is

¥ ook vk W ¥
ko 90 000 QUT e (OVF OV | OYF _
L e F el TR (ax,. axi) % 5y (5.10)
This may be written w18
where (vF)? = vk, ..Q{fé= 20wk, (5.12)

The vector &, is proportional to the vector product of the velocity by the vorticity
wf;. It satisfies the property.

AEMY = 2m, vfvk ol = 0, (5.13)

i.e. the vectors o/% and M¥ are perpendicular.
A physically significant form of the field equations (5.7) is obtained by noting

the relations 0D 0D
e (5.14)
02 0D, _02%, 02t _ 09
aMt? =aa S os = o =, (6.18)
Using the value 0 0D im
o (5.16)
obtained from equations (5.7), we write
09 02t, _ 80
S M‘g‘ =5t 1;}? g (5.17)

L
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Also from (5.8) and (2.18) we obtain

op, 0, 09 10dp, _ 00 09
dw,  ow;  Om, pyox, sk@xi+axi' . (5.18)

T

Substitution of the values (5.14), (5.17) and (5.18) into the field equations (5.7) yields

1 ook, 1 3p, 0% 09t
po L 005, 1Oy 0F 0w _ ,
S T T ST 0. (5.19)

60 + 0Dt _
65’“
Note that in these equations the dissipative stresses o%; and the partial pressures p;,
are defined thermodynamically as explained above.
It is interesting to show that these equations satisfy the total momentum relation
for the mixture. We add equations (5.19) after multiplying each by m, and obtain
my 0p,  0F 09t

)
kaai axE 1j+%a—~+é—g—c~i% k+zmkaMk_o (5.21)

0. (5.20)

By using expression (3.16) for 2¢, it is immediately verified that

oD,

mesaE = O (5.22)

Also as shown in appendix ITI we may write

9 _ %aﬁc

ol it (5.23)

where p is the total pressure of the mixture. Hence equation (5.21) becomes
op 09

0
k_ — ko £
‘S‘;mka@ aszkcr”+ai+

a—-xi % mk = O, (5.24)
which is the total momentum equation.
We note that equation (5.23) is self evident for perfect gases since in this case
my, = p, and p = X p, (see appendix IIT).
k

For the particular case of a single fluid, equations (5.7) coincide with those derived
earlier by the same variational procedure (Biot 19774a).

Remarks on the physical significance of equations (5.7)

The stresses o}; are the dissipative forces across a unit area exerted on the molecules
of substance k by all other molecules. Hence it is physically understandable that
do'¥; /0x; is equivalent to a body force producing an effect on diffusion. It should be
emphasized that equations (5.7) contain only first order dissipative rate effects. In
particular the velocity may be written vf = v, +}* with Z,m,v* = 0. Hence
v; = X,;m;v¥/p is the barycentric velocity (velocity of the centre of gravity), while
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vi* represents small rate effects and expression (5.10), for the acceleration a¥, may
be linearized with respect to v} or even simplified by putting v}* = 0. To the same
approximation the kinetic energy is X, m,(v*)2 = }pv,v, and there are no coupling
terms between the variables of @y and those of & in the dissipation function (5.9).
The latter is a consequence of the requirement of invariance (Curie’s law).

6. ENERGY FLUX THEOREM
We add the field equations (5.7) after multiplying each of the first group by M*%
and each of the second group by §;. Substituting 80/0z; = 97 /3x; and v¥ = M¥%/m,,
and using Euler’s theorem

2Dim = ZM"%‘ZZ;,‘C“ S, aggf“ (6.1)
we obtain ’
. oo¥ 0 or
3 Mt - St i BT+ 8 0 +20m = 0. (6.2)
j
We may write
Evkai?f = Ei(vkgk.)_z,;k.o-k. (6.3)
P k2 axj . axj 1 (¥ (5 I ¥ M
Again using Euler’s theorem and equation (4.15) for o,;, we write
Svfoly = 29, (6.4)
k
dok. 0 .
Hence Zk]v{‘~ax—’ = a—x-(%] vk o) —2/B<,. (6.5)
] [

We have interchanged the dummy indices 7, j on the right side. Substitution of this
value into (6.2) taking into account expression (5.9) for 7'$* yields

. 0 0 oT
Mgk — O (3 ok Pk & 9L pex
%Mlal 5, (§v, k) + zM o, +8; axi+Ts 0. (6.6)
Consider the terms
0 oT 1%
}]M{C ('D"+S —+Ts*_—(2M ko +T8;) — §]<pkaMI ~9§— , (6.7)
a k 0 axz
Taking into account relations (3.8), (3.11) and (5.8), we write
Mk 08,
St T (-5 = Tl TS = S M4 094 S+ T, S
’ (6.8)
From equations (2.20) we also derive
. . oY . oY . .
k - k27
%gbkM +0% %6M’°M +ay5” V. (6.9)

On the other hand according to (2.10)
V =U-T,%, (6.10)
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where % is the energy per unit volume. From these results we obtain for the terms
(6.7) the value

g o OT , .
ZM%% +8i5, i T 19 = &, L (S MEg+TS)+ B+ Sy, (6.11)
T, % P’
Note that according to (3.12), M* = 7. Substitution of this expression into equation
(6.6) yields

S Mtak+ o (~ Sofok+ SMhp+ TS) + A+ T =0, (6.12)
k

1

Consider now the terms containing the accelerations. According to relations (5.11)
and (5.13) we obtain

) vk vr O
k k ] +1 k k)2
Mrak = M¥— ¥ M7 axi(v )2 (6.13)
Since M¥ = my o, (6.14)
relation (6.13) may be written
. 19 19 . 1 oM¥
kol k = — [M¥(@*)2]) - = |7 k)2
el = i1+ 1 DI =5 (et ) @92 (619)
From mass conservation we have
my,+OM¥ oz, = 0. (6.16)
Hence Mia¥ = 2at[ k(vk)2]+— —-[M'”( *)21. (6.17)
With this value equation (6.12) becomes
1S 2 (o) + 24 9 S = 0, (6.18)
Ox, *“% ot 5
where F =} Mi@w)i—Sofol+ S Meg,+ T8, (6.19)
k k &

The remaining terms in equation (6.18) represent the rate of increase of energy of the
mixture per unit volume. Hence F, is the energy flux per unit area and equation
{6.18) constitutes an energy flux theorem.
The energy flux vector F, may be written in a physically more significant form by
using relations (2.21), (3.4), (3.5) and (5.8). We write
or=bp+9 =€—T5+9,

S, = zskMk+St ZskM +H,T. (6.20)
With these values we obtain

Fi= %‘ZM"’v")2 E”;%+ EMk(€k+?) H, (6.21)
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where g, is the relative specific enthalpy of each substance as defined above and H,
is the total heat flux. The first term represents the kinetic energy flux and the second
term is the power transmitted by the dissipative forces o%.

7. MIXTURE OF INCOMPRESSIBLE FLUIDS

The foregoing results are of course applicable to incompressible fluids as a limiting
case. However for the purpose of practical applications a special treatment is in
order.

Instead of a rigid cell of unit volume with variable composition and temperature
we consider a cell which is also of variable volume v. As shown earlier (Biot 19765,
1977b) the differential of the cell potential in this case is

d7" = —pdv+ X ¢, dM*+ 647, (7.1)
k

where p is the total pressure of the mixture. Because of incompressibility we may
write dv = X dM*¥/p,. (7.2)

k

Substitution of this value in (7.1) yields
d7" = X ¢ dM*+ 04, (7.3)

k
,_ P 1 T
where P =—"+¢=—(Dp—P—p)—| &dT. (7.4)
Px Pr Ty

We note that for incompressible fluids 3, is a function only of the temperature. The
potential ¥~ of the cell of variable volume is a function, of M* and #. The pressure
difference p — p, is also a function of the same variables. Because of incompressibility
we may increase p and p, by the same amount without changing the potential ¥".
Hence the variables M* and & determine only the difference p — p,..
We now consider the incompressible continuum. The collective potential of the
domain £ is
V= f ¥ dQ, (7.5)
2

where ¥ is the potential per unit volume. Hence ¥ is now the potential of a rigid
cell of unit volume and variable composition, however because of incompressibility
the variables M* are not independent and must satisfy the constraint,

ME/py = 0. (7.6)

When applying the principle of virtual dissipation we must take into account the

fact that the variations M¥ of mass displacement are not independent. Due to
relation (7.6) they must obey the constraint

SM* 10

ST =-3

SM¥ = 0. 7.1
k Pk % Pr 0%; (77
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Following a ‘classical procedure for this case we write the variational principle
(4.10) as

> 1,89, + (SrV——AZ—I— i8M’{+9810+T&s*)d!2 =0, (7.8)
i o) % Pr 0%,

where A is a Lagrangian multiplier. In this relation the variations are now arbitrary
and we may proceed as we have done for the compressible case. This yields the field

equations

o %, +55c—i(¢k+%+/1)+ = 0, (7.9)
00 0Dim

— = 0. 7.10

+ 3%, (7.10)

To these equations we must add equation (5.9) for entropy production. They contain
the same field unknowns M¥, S,, s* as the similar equations (5.7) and (5.9) for the
compressible case and an additional one A. The additional equation required is the
incompressibility condition (7.6) for M*.

The field equations (7.9), (1.10) may be transformed into a form similar to (5.19),
(5.20) by the same procedure as for the compressible case. We obtain

1 60' 1 0 ag 09t
I.c—— — -— —— == 1
% my, 0x; ,Dk o, (P p+A)+ aM" 0. (7.11)
00 ot
a_x..q.____asfén = 0. (7.12)

In these equation p,, — p is a function of the variables M* and &, with M* satisfying
(7.6)."
In order to bring out the significance of A we add equations (7.11) after multiplying

each by m,. We obtain

ook 04 0%
ma.ak — Yy " pp— = 0. 7.1
Zk: ka’z Z a ax pa i 0 ( 3)

In deriving this result we have taken into account the following relations:
S /p =1, (7.14)

which is derived from incompressibility and unit volume of the primary cell,

op My Oy
Loy Tk Lk 7.1
Ox; % pp Ox;’ (7.15)

which is derived in appendix III, and
Y my, 094, [OMY = 0, (7.186)
k
which is equation (5.22).
Equation (7.13) is the total momentum equation, hence / represents the total

pressure p of the mixture. Note however that in the field equation (7.11) we may not
put A —p = Osince it is p, — p which is known as a function of M* and & and not p,.
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Expression (2.23) for the entropy is simplified for incompressible fluids since in
this case §,(M¥, T,) = 0. Hence
(M R (M, Ty)

9’=2J

a7v. 7.17
2], — (7.17)

T k
ey [ 08T

8. GENERALIZED COORDINATES AND LLAGRANGIAN EQUATIONS

We represent the unknown vector fields by
M;C = M?(Qi: s t)’1
Sj = Sj(%’axl’ t)’ J

which are now determined by a finite number of unknown generalized coordinates
¢;- We shall assume that the entropy produced does not contribute significantly to
the state variables describing the system. This assumption may be introduced as an
approximation in a large number of problems. We shall indicate below how the
method may be generalized to include s* in the state variables if needed. The field
unknowns are thus replaced by a finite number of variables ¢; which are assumed to
define with sufficient accuracy the state of the fluid mixture.
In this formulation the variations are

(8.1)

oMk os;
SM¥ = .,@2 dq;, 88; = @%sqi, (8.2)
1 2

The summation sign with respect to ¢ is omitted. We shall apply the principle of
virtual dissipation (4.10) in the domain £ and write it in the form

f (Zakd Ml + 3 ¢ 8 M* + 085+ T8s*)dQ2 = 0, (8.3)
2 k k

where g, is expressed by (5.8) and according to (4.11) and (4.19) we have

a@ tm
08,

_ a.@v k a.@tm k agtm
= %a—'l)ﬁsaﬂ-i-% aM;" M3+ aS] 3S;. (8.4)

Tos* = 20;9,8(1,’%+Z%%,TSM}°+ 38;
% k OMj

We remember that in the variational principle (4.19) the variations §M¥ and 8S;
are assumed to vanish at the boundary 4 of the domain Q. However the variations
expressed by (8.2) do not. This does not lead to any difficulty with the terms con-
taining §M¥ and &S, since they may be assumed to vanish discontinuously at the
boundary 4. On the other hand according to equations (5.5) and (5.6) the variations
8p, 8 M*, 8s and 8af; contain the gradients of $M* and §S;. Hence they become infinite
when d M* and 88; are discontinuous at the boundary, and therefore contribute an
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additional finite boundary value to the integral. This contribution is easily derived
by integration by parts and the variational principle now becomes (see AppendixIV)

f (S i M:+ S, 8 M¥ + 055+ T8s*) A2
2 k k

= fA [E (ag?,%c—qoknj) SM;‘—HanS,-] d4, (8.5)

k

where 7; is the unit normal to 4. This variational equation may be expressed in
terms of the variations 8¢, as follows.
Since s* is neglected in the value of the entropy & we put 8% = 3s, and we obtain

oY

oY
=S _sMkyt k
& = zk:E)MkSM ay&? Z¢k8M +03s. (8.6)
0P
Hence f (X @0 M*+63s)d2 = f (7 +%8p)dQ2 = 6P = @-8%, (8.7)
2 Kk Q g
where P =f (V" +p%)dR (8.8)
2
is the mixed collective potential of the system.
The virtual dissipation
6.%, 0Zim ) 0Dim ]
Tos*d2 = ali+ M* S;| dQ 8.9
f > f[( o M)t g, oY (8.9)
may be written oD
Tos*dQ = =— 8¢, (8.10)
2 0d;
where D(q;,4,t) =f (Dv+ Dim)dQ (8.11)
Q
is the total dissipation function. This result is easily verified by considering for
example % k
M = a__éw, qi+?~é—‘{’—. (8.12)
Hence % ¢
oMk Mk
L ==, 8.13
. 0g; 0q; ( )
We derive (for 68, = 0)
SM" - = : 8.14

We substitute the values (8.7) and (8.10) as well as the variations (8.2) in the
variational principle (8.5). Since the variations are arbitrary this yields
aD 0P

L+ — = .
iV ag, afh Q:, (8.15)
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%
where ]i=f Sa aéM’ de (8.16)

2k q;

are generalized inertia forces, and

n, oMk os;
Q= f_a [% (a;-‘,—m—’k—«pknj)—aimﬁnj@:] d4 (8.17)

are generalized boundary driving forces.

These driving forces are of mixed mechanical and thermodynamic nature and
represent the effect of the environment on the system. They are of the same type as
encountered earlier in many different problems (Biot 1970, 1975, 19764, 1977¢,d).

The generalized inertia forces may be expressed in an interesting alternative form
in terms of the kinetic energy.

k ATk
T = 1 zmk(vk)zd.o—-f s MiMi 40 (8.18)
2 QK my,
Consider the variation of the time integral
M’C 0 M"Mﬁ’
5£9‘d¢=fm%(m.—k5iaM. 5 Smk) atdo. (8.19)
This may be written
8] g di =f 5 [vfg 8M§-°+%(vk)2-a- SMf] dedQ. (8.20)
£ 9k ot 62:,-

Integration by parts, assuming zero variations for initial and final ¢, yields

affdtr.— s [ +1—a—(v") sMEQdR+1 [ T(orEn,sMEatdA.
t L9 k at 28 2 t4 k& 4 (8 21)

By introducing the value (5.11) of the acceleration o and expressions (8.2) for SM¥
this becomes

oMk

af fdt_-f 15q1dt+f DA ’Sq@dtd!)

+-;— Gy M T dndidd. (8.22)

On the other hand J7(q,, q;,t) is a function of ¢,,¢;, and ¢. With &g, as arbitrary
functions of time vanishing at the limits of time integration, we obtain the classical-

relation:
) 07 d (o
8) Tdt = —_—— = ]8 s 8.23
ft ft [a% d¢ (a% % ( )

Equating expressions (8.22) and (8.23) taking into account that 3¢q; are arbitrary
functions of time implies

_dfar\ a7 1 L, M oM’ .
I’"dt(aq,-) aqﬁéf}‘”’”f"faqi dd+| Sap-pld0. (8.24) 4
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This expression of the generalized inertia forces contains terms involving the kinetic
energy J in the domain Q. These terms are the same as the classical Lagrangian
expressions in terms of generalized coordinates. However in the present case there is
an additional boundary integral and a volume integral which involves the vorticity
w;;. This is due to the fact that the generalized coordinates describe the mass
displacement at a fixed point instead of the variable coordinates of the moving
particles. In other words the generalized coordinates describe an open system.

k
If we put Q:‘:Qi_%f ‘:':(vk)znfaégjdA’
4 i

(8.25)

k
A, =f st a4,
2k aCI'

2

and introduce the value (8.24) of I, the Lagrangian equations (8.15) become

d(aﬂ’) 0T oD ?;”Z=Q%. (8.26)

@i\ag) "3, Ty Ty,

It is of interest to note that .#; is analogous to a generalized Coriolis force and
embodies a ‘Magnus effect’. In the actual field as well as in the space of generalized
coordinates it is perpendicular to the velocity. This can be seen by taking into
account relation (5.13) and writing

k .
aaM’ G, dQ =f SAEMEAQ = 0. (8.27)
2k

V/{z"jizf 2‘946
2k q;

This property of perpendicularity is thus invariant. Its existence is a direct conse-
quence of the Eulerian formulation of dynamics which considers the system as a
collection of open cells. '

The force .#; vanishes whenever the vorticity is zero. Such is the case in potential
flow and flow which is either one dimensional, axially symmetric, or spherically
symmetric.

In the foregoing Lagrangian formulation we have assumed that the entropy pro-
duced s* does not contribute significantly to the value of the total entropy & as a
state variable. When this is not the case one way to introduce the correction is by
first solving the problem by putting s* = 0 as a first approximation and evaluate s*
from the entropy production equation (5.9), i.e.

Ts* = 29, (8.28)

where 2 is now expressed as a known function of time by the first approximation.
Another procedure is to use the actual value of the entropy

& = s+s¥, (8.29)
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and to consider s* as an additional unknown. Again we may use additional
generalized coordinates ¢; by writing

s* = s*(g}, m,, 1), (8.30)

and derive the required number of equations for the additional unknowns. For
example if there are n’ generalized coordinates g; we write equation (8.30) at »’
suitably chosen points. Another procedure is to derive the additional equations by
applying to (8.30) the method of the variational scalar product (Biot 1970).

The Lagrangian technique of generalized coordinates has been given extensive
treatment in the domain of heat transfer (Biot 1970) where its power and accuracy
has been abundantly illustrated. It actually leads to new systems analysis methods
and a new science of heat transfer which does not involve the use of traditional
concepts.

9. FINITE ELEMENT METHODS BY GENERALIZED COORDINATES

The Lagrangian equations provide immediately a large variety of finite element
methods by using the values of the field components at discrete points as generalized
coordinates. For example in two dimensions we may divide the domain in triangular
cells and choose the values of the unknown field variables M¥%, S; and s* at the
vertices as generalized coordinates ¢;, g;. Values of the field inside the triangles
are obtained by linear interpolation. The linear interpolation for any variable ¢
whose values §; §, {; are given at three points (2, y,), (%3, ¥5), (3, ¥3) is obtained from
the equation

x y ¢ 1
2 oy &1

= 0. 9.1
Ty Y G 1 1)
3 Y3 & 1

The Lagrangian equations (8.15) are equal in number to the unknowns M¥ and §;
at the vertices. The additional equations for s* are obtained by writing equation
(8.28) at each vertex using for m, and s the average of their constant values in the
triangles with this common vertex.

In three dimensions the same method applies with tetrahedral cells.

Many variants and refinements may be imagined based on this approach using
other types of interpolation. For example one may use a local polynomial inter-
polation involving values of the field at vertices of a group of neighbouring cells.
The superior accuracy of such methods is exemplified by Simpson’s rule in the case
of quadratures.

ArprEnDIX I
The dissipation function (3.15), i.e.

Dl = 3 T Kool + 3 K20 81+ (T[2k) X (85)2, (I1)
i i i

17 Vol. 365. A.
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must be invariant under translation hence it must remain unchanged if we replace
v¥ by v¥ 4+ v,, where v, is a constant velocity of translation. With this substitution the
value of 2}, becomes

D = 3 2 K% ok + 3 K*FS+ (T /2k) X (842
i ¥ i
+ X0, 3 (Z K¥) + 3 ¥ K%, v, + % Kk”isi;- (I2)
R ki ki

This expression must be independent of v; for arbitrary values of v¥. The necessary
and sufficient conditions to be satisfied by the coefficients are

S K% =0 for all values of [,
k

I3)
and S Kk=0.
k
We put
Kt = 2%,
} (14)
KW = _2C% for 1 £k (C%=0).
The first of conditions (I 3) becomes
O = 3 C*%. (Is)
P
From those relations we derive
> Kot = 23 C¥vkol — 23 Ol o
i P Ik
= 23 (T C%*vjeh) - 2 3 Ol o
ik Ikt
= %O”‘(vﬂv’i + vEvf — 20k 0f)
= 3, O% (o, — vf)2. (16)
i
Hence the dissipation function (I 1) becomes
D, = § 3 OM(0,—of)2+ 3 K8+ (T /2k) T (SH2 amn
Ik ki i

ArPENDIX II

We shall establish necessary and sufficient conditions for the coefficients A%, 7'f

and 7% in order that the dissipation function (3.26), namely
Dy = $ T NEArk L T it ok 4 Toniol; ol Iy
I Ik Ik
be non-negative. The indices 4, j are summation indices. We shall express these
summations explicitly by writing

% =1k ks, (I12)
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and putting Dy =F+F o+ Fs, (IL3)
where %Z Arlyk 4 Z (Pl + e vl + i )
Fy = 22"71 (7‘127'124‘7{237’234'71317’3@1), (I1 4)

=2 Z P (g W, + whs s + 0y ).

Consider first the case where 7;; = wy; = wy, = 0. The dissipation function becomes

Dy = 22772 0)12“)12 (I15)

Since v, and ¥, are arbitrary anecessary condition for 2 to be non-negative is that
S7iyz, = 0 (116)
Tk

for arbitrary variables z;z;.
Next consider the case 7§ =1 =y = vl = rf) = 05 = 0. The dissipation
function in this case is
Dy = 22"71":7’12 712- (I17)

Again a necessary condition to be satisfied is

%}cn'l"z,zk > 0. (I 8)

Finally we consider the case rfy = 7§, = ¥ = wl; = 0. The dissipation function is now

Dy = F,. (I19)

We write %, in the algebraically equivalent form
P = b (AN + $) ot

+ %Eﬂ (Phy — 7o) (7 — 1) + (rho — hg) (v — 1) + (rhe — 14 (5 — 7)1

(I1 10)
If v}, = r¥, = 7% the expression reduces to
F1 = TGN+ i) rirk. (I111)
Ik
Hence we must satisfy the condition
3 (A* 4 29¥) 212, > 0. (IT12)
1k

Therefore a necessary condition is that the matrices A% + 2¢%, 4% and 75 be non-
negative. It is immediately verified from the values (I 4) and (I 10) of &, %,, Z,,
that the condition is also sufficient.

I7-2
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ArreEnpIix III

The derivation of relation (5.23) is obtained by considering a cell of variable
volume v instead of a unit volume. The differential of the cell potential in this case is
obtained (Biot 19765, 1977b) by adding the term — pdv to expression (2.16) where p
is the total pressure acting on the fluid mixture in the cell. Thus

d¥" = ~pdv+ X ¢, dM* +6dS. (I11 1)
k
The variation of the collective potential of the domain £2 is now
8V=f [—pdo+ 58,5 M* + 055140, (1 2)
Q k

Variations are applied only in the domain 2 and v is the variation of volume per
unit volume. We shall consider two types of variations which are equivalent, hence
yield the same value 3V.

In the first type only the volume 8v of the fluid cells is varied, assuming no mass
flow or heat flow across the boundary of the cells. This corresponds to a displacement
du, of the mixture with no relative flow of the constituents. Hence

o0 = %Sui, SM* =85 = 0, (I1I 3)
and 5V=—{ posu,de —f P 5,40 (II1 4)
= 7)o P, 0 T ) B, 0O

In the second equivalent type of variation the cells are assumed of constant volume
(6v = 0) while masses

dM* = —0(m;,du;)/0x; (I11 5)
are injected adiabatically. From (3.5), for the adiabatic case (88% = 0), we derive
k k
H By——i&S’——Ei(‘ du;) 1117
ence =% T T, 8, m,;,du;). ( )
Substitution of (III5) and (III 7) into (11 2) yields
0 0
3V = ——fﬂ% [ngk?_J—%t (mkSui)+0a‘; (skmkSui)] do, (ITI1 8)
R

From (2.18) we derive
(ITT 10)

Hence 8V = f E% %‘Buid!). (11 11)
2k
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The two expressions (ITI 4) and (IIT 11) for § V must be equal for arbitrary variations
du,, hence
l P _ 5™ (ITL 12)
Ox; % py Oz,

which is relation (5.23).

In this derivation we have assumed compressibility. The result obviously
remains valid for incompressible fluids as a limiting case. However a particular
derivation for this case is also easily obtained.

We must recall the significance of p,.. It is the density of the pure substance at the
partial pressure p;, of the substance in the mixture. This pressure was defined as the
equilibrium pressure of the pure substance with the mixture through a semi-
permeable membrane at a given composition and temperature. Hence in general
pr. = my,. However for a perfect gas m, = p,, and p = Ekpk.

ArrPENDIX IV

The right side of equation (8.5) is obtained as follows. Consider for example the
term

f 08sdQ IV 1)
2
in equation (8.3), where o

Bs = — %, 8. avze)

Equation (8.3) assumes that the normal component 7;8S; of 5S; vanishes at the
boundary A of Q. Therefore we write 8S; in the form

8, = 3SP +- 58P, (IV3)
where 8§ is defined in terms of the generalized coordinates by the expression
(8.1), Le. 8P = 8,(g;, 1) (IV 4)

We then choose 88 so that it is different from zero in a thin layer £’ near the
boundary 4 of £, and such that »,8S; vanishes at the boundary. Hence at this
boundary a8

7;88P) = —n, 88 = —n; 3} -—aq—’- 3q;. (IVs)
i 0g;
The integral (IV 1) becomes
f 08sd2 = f 083(1)d!2——f 0—@— 38 de, (Ive)
Q fo) o 0z

where 35 = —9(88(V) /0x;. Since £’ may be an infinitely thin layer, if we integrate
by parts and take into account relation (IV 5) we obtain

f 08sd2 = f 068(1)d9+f On;380d4. v
2 Q2 A

The second term corresponds to the one appearing on the right side of equation (8.5).
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